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Abstract
We construct a Lagrangian description of irreducible integer higher-spin representa-
tions of the Poincare group with an arbitrary Young tableaux having k rows, on a basis
of the universal BRST approach. Starting with a description of bosonic mixed-symmetry
higher-spin fields in a flat space of any dimension in terms of an auxiliary Fock space associ-
ated with special Poincare module, we realize a conversion of the initial operator constraint
system (constructed with respect to the relations extracting irreducible Poincare-group
representations) into a first-class constraint system. For this purpose, we find, for the
first time, auxiliary representations of the constraint subalgebra, to be isomorphic due to
Howe duality to sp(2k) algebra, and containing the subsystem of second-class constraints
in terms of new oscillator variables. We propose a universal procedure of constructing
unconstrained gauge-invariant Lagrangians with reducible gauge symmetries describing
the dynamics of both massless and massive bosonic fields of any spin. It is shown that
the space of BRST cohomologies with a vanishing ghost number is determined only by
the constraints corresponding to an irreducible Poincare-group representation. As exam-
ples of the general procedure, we formulate the method of Lagrangian construction for
bosonic fields subject to arbitrary Young tableaux having 3 rows and derive the gauge-
invariant Lagrangian for new model of massless rank-4 tensor field with spin (2, 1, 1) and
second-stage reducible gauge symmetries.
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1 Introduction
Problems of higher-spin field theory attract a considerable attention for a long time. Interest to
higher spin field theory is mainly stipulated by hope to construct the new types of Lagrangian
models in classical field theory and may be to formulate on this ground the new approaches
to the unification of the fundamental interactions. Higher-spin field theory is closely related to
superstring theory, which operates with an infinite tower of bosonic and fermionic higher-spin
fields. From this point of view the higher spin theory can be treated as an approach to study
a structure of superstring theory from field theory side. The aspects of current state of higher
spin field theory are discussed in the reviews [1]. Some newest tendencies in higher spin field
theory are discussed e.g. in [2]–[13].
At present, the Lagrangian dynamics of massless and massive free totally symmetric higher-
spin fields is well enough developed in Minkowski and AdS spaces [14], [15], [16], [17], [18]. It is
known that in higher space-time dimensions, there appear, besides totally symmetric irreducible
representations of Poincare or (A)dS algebras, the mixed-symmetry representations determined
by more than one spin-like parameters [19], [20], [21] and the problem of their field-theoretic
description is not so well-studied as for totally symmetric representations. Indeed, a simplest
mixed-symmetry fields were considered in [22], the problems of constrained (with imposing off-
shell traceless and Young symmetry constraints on all the fields and gauge parameters) gauge-
invariant description of mixed-symmetry fields on flat space-time have been developed in [23].
The aspects of lagrangian formulations for general mixed-symmetry fields were discussed in [24],
the unconstrained Lagrangians with higher derivatives for such massless HS fields in ”metric-
like” formulation on flat background were derived on a base of Bianchi identities resolution in
[25]1 The details of Lagrangian description of mixed-symmetry HS tensors on flat and (A)dS
backgrounds in ”frame-like” formulation were studied in [26]. The interesting approach of
derivation the Labastida-like [19] constrained Lagrangians for arbitrary mixed-symmetric higher
spin fields were recently studied on a basis of detour complexes from the BRST quantization
of worldline diffeomorphism invariant systems in [27]. At present, the main result within
the problem of Lagrangian construction for arbitrary massless mixed-symmetry HS field on
a Minkowski space-time of any dimensions was obtained in [28] with use of unfolded form
of equations of motion for the field in ”frame-like” formulation. In turn, the corresponding
results for the mixed-symmetry bosonic fields in ”frame-like” formulation with off-shell traceless
constraints in the case of (anti)-de-Sitter case are recently known for the Young tableaux with
two rows [29].
The present work is devoted to the construction of general gauge-invariant Lagrangians for
both massless and massive mixed-symmetry tensor fields of rank s1+s2+...+sk, with any integer
numbers s1 ≥ s2 ≥ ... ≥ sk ≥ 1 for k ≤ [d/2] in a d-dimensional Minkowski space, the fields
being elements of Poincare-group ISO(1, d − 1) irreps with a Young tableaux having k rows.
Our approach is based on the BFV–BRST construction [30], which was initially developed for
a Hamiltonian quantization of dynamical systems subject to first-class constraints and is called
usually the BRST construction. The application of the BRST construction to free higher-spin
field theory consists of three steps. First, the conditions that determine the representations
with a given spin are regarded as a topological (i.e. without Hamiltonian) gauge system of
first- and second-class operator constraints in an auxiliary Fock space. Second, the subsystem
1In this paper a Lagrangian formulation is constructed for massless fields corresponding to a reducible
Poincare group representation with arbitrary index symmetry. Besides, it is suggested the Lagrangian formula-
tion which uses the special projector’s operators which are not constructed in explicit form, although for every
concrete case of Poincare-irreducible HS fields they can be written down. The authors are grateful to D. Francia
having drawn their attention on the exact formulation of the paper [25] results.
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of the initial constraints, which contains only second-class constraints, is converted, with a
preservation of the initial algebraic structure, into a system of first-class constraints alone in
an enlarged Fock space (see [31] for the development of conversion methods), with respect
to which one constructs the BRST charge. Third, the Lagrangian for a higher-spin field is
constructed in terms of the BRST charge in such a way that the corresponding equations
of motion reproduce the initial constraints. We emphasize that this approach automatically
implies a gauge-invariant Lagrangian description with all appropriate auxiliary and Stuckelberg
fields. The BRST approach to Lagrangian formulation of higher spin field theories has been
developed for arbitrary massless and massive, bosonic and fermionic fields in Minkowski and
AdS spaces in [32]–[41]. Inclusion of higher-spin field interactions requires a deformation of
BRST charge, the corresponding consideration is discussed in [42].
The various aspects of the flat dynamics of mixed-symmetry gauge fields has been examined
in [43], [44] for massless bosonic higher-spin fields with two rows of the Young tableaux [32],
and recently also for interacting bosonic higher spin fields [45], [46], [47] and for those of lower
spins [48], [49] on the basis of the BV cohomological deformation theory [50]. Lagrangian
descriptions of massless mixed-symmetry fermionic higher-spin fields in Minkowski spaces have
been suggested within a “frame-like” approach in [51]. To be complete, note that for free
totally symmetric higher-spin fields of integer spins the BRST approach has been used to
derive Lagrangians in the flat space [34], [36] and in the (A)dS space [35]. The corresponding
programme of a Lagrangian description of fermionic higher-spin fields has been realized in the
flat space [37] and in the (A)dS space [38].
The paper is organized as follows. In Section 2, we formulate a closed algebra of operators
(using Howe duality), based on the constraints in an auxiliary Fock space that determines
an massless irreducible representation of the Poincare group in R1,d−1 with a generalized spin
s = (s1, ..., sk). In Section 3, we construct an auxiliary representation for a rank-[
d
2
] symplectic
sp(2k) subalgebra of an algebra of the initial constraints corresponding to the subsystem of
second-class constraints in terms of new (additional) creation and annihilation operators in
Fock space2. As a result, we carry out a conversion of the initial system of first- and second-class
constraints into a system of first-class constraints in the space being the tensor product of the
initial and new Fock spaces. Next, we construct the standard BRST operator for the converted
constraint algebra in Section 4. The construction of an action and of a sequence of reducible
gauge transformations describing the propagation of a mixed-symmetry bosonic field of an
arbitrary spin is realized in Section 5. We show that the Lagrangian description for a theory of
a massive integer mixed-symmetry HS field in a d-dimensional Minkowski space is deduced by
dimensional reduction of a massless HS field theory of the same type in a (d + 1)-dimensional
flat space. Then, we sketch a proof of the fact that the resulting action reproduces the correct
conditions for a field that determine an irreducible representation of the Poincare group with a
fixed s = (s1, ..., sk) spin. In Section 6, we show, that general procedure contains, first, earlier
known algorithm of Lagrangian construction for bosonic fields subject to Young tableaux with
two rows, and, second, a new one for tensor fields with three rows in the corresponding Young
tableaux. Here we construct the new unconstrained Lagrangian formulation for the fourth rank
massless tensor field with spin (2, 1, 1) which has not been obtained before. In Conclusion, we
summarize the results of this work and outline some open problems. Finally, in Appendix A
we construct auxiliary representation for sp(2k) algebra. Appendix B is devoted to obtaining
of a polynomial representation of the operator algebra given in Table 1 in terms of creation and
annihilation operators. In Appendix C we prove that the constructed Lagrangian reproduces
2Note that a similar construction for bosonic HS fields subject to Young tableaux with 2 rows in a flat space
has been presented in [52] for massless and in [39] for massive case.
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the correct conditions on the field defining the irreducible representation of the Poincare group
and in Appendix D the expressions for the field and all gauge Fock space vectors are written in
powers of ghost creation operators to be used for Lagrangian construction for the fourth rank
tensor.
As a rule we use the conventions of Refs. [32, 39, 52].
2 Derivation of Integer HS Symmetry Algebra on R1,d−1
In this section, we consider a massless integer spin irreducible representation of Poincare
group in a Minkowski space R1,d−1 which is described by a tensor field Φ(µ1)s1 ,(µ2)s2 ,...,(µk)sk ≡
Φµ11...µ1s1 ,µ
2
1...µ
2
s2
,..., µk1 ...µ
k
sk
(x) of rank
∑k
i≥1 si and generalized spin s = (s1, s2, ..., sk), (s1 ≥ s2 ≥
... ≥ sk > 0, k ≤ [d/2]) to be corresponding to a Young tableaux with k rows of length
s1, s2, ..., sk, respectively
Φ(µ1)s1 ,(µ2)s2 ,...,(µk)sk←→
µ11 µ
1
2 · · · · · · · µ1s1
µ21 µ
2
2 · · · · · µ2s2
· · ·
µk1 µ
k
2 · · · · µksk
, (2.1)
This field is symmetric with respect to the permutations of each type of Lorentz indices3 µi,
and obeys to the Klein-Gordon (2.2), divergentless (2.3), traceless (2.4) and mixed-symmetry
equations (2.5) [for i, j = 1, ..., k; li,mi = 1, ..., si]:
∂µ∂µΦ(µ1)s1 ,(µ2)s2 ,...,(µk)sk = 0, (2.2)
∂µ
i
liΦ(µ1)s1 ,(µ2)s2 ,...,(µk)sk = 0, (2.3)
ηµ
i
li
µimiΦ(µ1)s1 ,(µ2)s2 ,...,(µk)sk = η
µili
µjmjΦ(µ1)s1 ,(µ2)s2 ,...,(µk)sk = 0, li < mi, (2.4)
Φ
(µ1)s1 ,...,{(µi)si , ..., µ
j
1...︸ ︷︷ ︸µjlj }...µjsj ,...(µk)sk = 0, i < j, 1 ≤ lj ≤ sj, (2.5)
where the bracket below denote that the indices in it do not include in symmetrization, i.e. the
symmetrization concerns only indices (µi)si , µ
j
lj
in {(µi)si , ..., µj1...︸ ︷︷ ︸µjlj}.
In order to describe all the irreducible representations simultaneously, we introduce in an
usual manner an auxiliary Fock space H, generated by k pairs of bosonic (symmetric basis)
creation aiµi(x) and annihilation a
j+
νj
(x) operators, i, j = 1, ..., k, µi, νj = 0, 1..., d− 1:4
[aiµi , a
j+
νj
] = −ηµiνjδij , δij = diag(1, 1, . . . 1) , (2.6)
and a set of constraints for an arbitrary string-like vector |Φ〉 ∈ H,
|Φ〉 =
∞∑
s1=0
s1∑
s2=0
· · ·
sk−1∑
sk=0
Φ(µ1)s1 ,(µ2)s2 ,...,(µk)sk (x)
k∏
i=1
si∏
li=1
a
+µili
i |0〉, (2.7)
l0|Φ〉 = 0, l0 = ∂µ∂µ, (2.8)(
li, lij, ti1j1
)|Φ〉 = (−iaiµ∂µ, 12aiµajµ, ai1+µ aj1µ)|Φ〉 = 0, i ≤ j; i1 < j1. (2.9)
3Throughout the paper, we use the mostly minus signature ηµν = diag(+,−, ...,−), µ, ν = 0, 1, ..., d− 1.
4there exists another realization of auxiliary Fock space generated by the fermionic oscillators (antisymmetric
basis) aˆmµm(x), aˆ
nˆ+
νn (x) with anticommutation relations, {aˆmµm , aˆn+νn } = −ηµmνnδmn, for m,n = 1, ..., s1, and
develop the procedure below following to the lines of Ref. [40] for totally antisymmetric tensors for s1 = s2 =
... = sk = 1.
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The set of (k(k + 1) + 1) primary constraints (2.8), (2.9) with {oα} =
{
l0, l
i, lij, ti1j1
}
, because
of the property of translational invariance of the vacuum, ∂µ|0〉 = 0, are equivalent to Eqs.
(2.2)–(2.5) for all spins. In turn, if we impose in addition to the Eqs. (2.8), (2.9) the additional
constraints with number particles operators, gi0,
gi0|Φ〉 = (si +
d
2
)|Φ〉, gi0 = −
1
2
{ai+µ , aµi}, (2.10)
where the sign { , } is the anticommutator, then these combined conditions are equivalent to
Eqs. (2.2)–(2.5) for the field Φ(µ1)s1 ,(µ2)s2 ,...,(µk)sk (x) with given spin s = (s1, s2, ..., sk).
We refer to the vector (2.7) as the basic vector5.
The procedure of Lagrangian formulation implies the property of BFV-BRST operator Q,
Q = Cαoα + more, to be Hermitian, that is equivalent to the requirements: {oα}+ = {oα}
and closedness for {oα} with respect to the commutator multiplication [ , ]. It is evident, that
the set of {oα} violates above conditions. To provide them we consider in standard manner an
scalar product on H,
〈Ψ|Φ〉 =
∫
ddx
∞∑
s1=0
s1∑
s2=0
· · ·
sk−1∑
sk=0
∞∑
p1=0
p1∑
p2=0
· · ·
pk−1∑
pk=0
〈0|
k∏
j=1
pj∏
mj=1
a
νjmj
j Ψ
∗
(ν1)p1 ,(ν
2)p2 ,...,(ν
k)pk
(x)
×Φ(µ1)s1 ,(µ2)s2 ,...,(µk)sk (x)
k∏
i=1
si∏
li=1
a
+µili
i |0〉. (2.11)
As the result, the set of {oα} extended by means of the operators,(
li+, lij+, ti1j1+
)
=
(−iai+µ ∂µ, 12ai+µ ajµ+, ai1µ aj1µ+), i ≤ j; i1 < j1, (2.12)
is Hermitian, with taken into account of self-conjugated operators, (l+0 , g
i
0
+
) = (l0, g
i
0). It is
rather simple exercise to see the second requirement is fulfilled as well if the number particles
operators gi0 will be included into set of all constraints oI having therefore the structure,
{oI} = {oα, o+α ; gi0} ≡ {oa, o+a ; l0, li, li+; gi0}. (2.13)
Together the set {oa, o+a } in the Eq. (2.13), for {oa} = {lij, ti1j1} and the one {oA} = {l0, li, li+},
may be considered from the Hamiltonian analysis of the dynamical systems as the operatorial
respective 2k2 second-class and (2k+1) first-class constraints subsystems among {oI} for topo-
logical gauge system (i.e. with zero Hamiltonian ) because of,
[oa, o
+
b ] = f
c
aboc + ∆ab(g
i
0), [oA, oB] = f
C
ABoC , [oa, oB] = f
C
aBoC . (2.14)
Here f cab, f
C
AB, f
C
aB are the antisymmetric with respect to permutations of lower indices constant
quantities and quantities ∆ab(g
i
0) form the non-degenerate k
2×k2 matrix ‖∆ab‖ in the Fock space
H on the surface Σ ⊂ H: ‖∆ab‖|Σ 6= 0, which is determined by the equations, (oa, l0, li)|Φ〉 = 0.
The set of oI contains the operators g
i
0 are not being by the constraints in H.
Explicitly, operators oI satisfy to the Lie-algebra commutation relations,
[oI , oJ ] = f
K
IJoK , f
K
IJ = −fKJI , (2.15)
where the structure constants fKIJ are used in the Eq.(2.14), included the constants f
[gi0]
ab :
f
[gi0]
ab g
i
0 ≡ ∆[g
i
0]
ab (g
i
0) there and determined from the multiplication table 1.
5We may consider a set of all finite string-like vectors for finite upper limits for s1 which different choice
of a spin s as the vector space of polynomials P dk (a
+) in degree a+µ
i
i . The Lorentz algebra on P
d
k (a
+) is
realized by means of action on it the Lorentz transformations, Mµν =
∑k
i≥1 a
+[µ
i a
ν]i with a standard rule
A[µBν] ≡ AµBν −AνBµ, therefore endowing P dk (a+) by the structure of Lorentz-module.
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[ ↓,→] ti1j1 t+i1j1 l0 li li+ li1j1 li1j1+ gi0
ti2j2 Ai2j2,i1j1 Bi2j2 i1j1 0 l
j2δi2i −li2+δj2i l{j1j2δi1}i2 −li2{i1+δj1}j2 F i2j2,i
t+i2j2 −Bi1j1 i2j2 A+i1j1,i2j2 0 li2δij2 −l+j2δii2 li2{j1δ
i1}
j2
−lj2{j1+δi1}i2 −Fi2j2 i+
l0 0 0 0 0 0 0 0 0
lj −lj1δi1j −li1δjj1 0 0 l0δji 0 − 12 l{i1+δj1}j ljδij
lj+ li1+δj1j l+j1δ
j
i1
0 −l0δji 0 12 l{i1δj1}j 0 −lj+δij
li2j2 −lj1{j2δi2}i1 −li1{i2+δj2}j1 0 0 − 12 l{i2δj2}i 0 Li2j2,i1j1 li{i2δj2}i
li2j2+ li1{i2+δj2}j1 lj1
{j2+δi2}i1 0
1
2 l
{i2+δij2} 0 −Li1j1,i2j2 0 −li{i2+δj2}i
gj0 −F i1j1,j Fi1j1 j+ 0 −liδij li+δij −lj{i1δj1}j lj{i1+δj1}j 0
Table 1: HS symmetry algebra A(Y (k),R1,d−1).
First note that, in the table 1, the operators ti2j2 , t+i2j2 satisfy by the definition the properties
(ti2j2 , t+i2j2) ≡ (ti2j2 , t+i2j2)θj2i2 , θj2i2 =
{
1, j2 > i2
0, j2 ≤ i2 (2.16)
with Heaviside θ-symbol6 θji. Second, the products Bi2j2i1j1 , A
i2j2,i1j1 , F i1j1,i, Li2j2,i1j1 are deter-
mined by the explicit relations,
Bi2j2 i1j1 = (g
i2
0 − gj20 )δi2i1δj2j1 + (tj1j2θj2j1 + tj2+j1θj1j2)δi2i1 − (t+i1 i2θi2 i1 + ti2 i1θi1 i2)δj2j1 , (2.17)
Ai2j2,i1j1 = ti1j2δi2j1 − ti2j1δi1j2 , (2.18)
F i2j2,i = ti2j2(δj2i − δi2i), (2.19)
Li2j2,i1j1 = 1
4
{
δi2i1δj2j1
[
2gi20 δ
i2j2 + gi20 + g
j2
0
]
− δj2{i1
[
tj1}i2θi2j1} + ti2j1}+θj1}i2
]
−δi2{i1
[
tj1}j2θj2j1} + tj2j1}+θj1}j2
]}
. (2.20)
They obeys the obvious additional properties of antisymmetry and Hermitian conjugation,
Ai2j2,i1j1 = −Ai1j1,i2j2 A+i1j1,i2j2 = (Ai1j1,i2j2)+ = t+i2j1δj2i1 − t+i1j2δi2j1 , (2.21)
(Li2j2,i1j1)+ = Li1j1,i2j2 F i2j2,i
+
= (F i2j2,i)+ = ti2j2+(δj2i − δi2i) (2.22)
Bi2j2 i1j1
+
= (gi20 − gj20 )δi2i1δj2j1 + (t+j1j2θj2j1 + tj2j1θj1j2)δi2i1 − (ti1 i2θi2 i1 + ti2+i1θi1 i2)δj2j1 . (2.23)
We call the algebra of these operators the integer higher-spin symmetry algebra in Minkowski
space with a Young tableaux having k rows7 and denote it as A(Y (k),R1,d−1).
From the table 1 it is obvious that D’alambertian l0 being by the Casimir element of the
Poincare algebra iso(1, d− 1) belongs to the center of algebra A(Y (k),R1,d−1) as well.
Now, we are in position to describe shortly the structure of the Lorentz-module P dk (a
+) of
all finite string-like vectors of the form given by the Eq. (2.7) (see footnote 4) on a base of
Howe duality [54]. The Howe dual algebra to so(1, d−1) is sp(2k) if k = [d
2
]
with the following
basis elements [54] for arbitrary i, j = 1, ..., k,
lˆij = a
+
iµa
µ+
j , tˆi
j =
1
2
{a+iµ, ajµ}, lˆij = aiµajµ, (2.24)
6there are no summation with respect to the indices i2, j2 in the Eqs.(2.16), the figure brackets for the indices
i1, i2 in the quantity A
{i1Bi2}i3θi3i2} mean the symmetrization A{i1Bi2}i3θi3i2} = Ai1Bi2i3θi3i2 +Ai2Bi1i3θi3i1
as well as these indices are raising and lowering by means of Euclidian metric tensors δij , δij , δ
i
j
7one should not identify the term ”higher-spin symmetry algebra” using here for free HS formulation starting
from our paper [36] with the algebraic structure known as ”higher-spin algebra” (see, for instance Ref.[6]) arising
to describe the HS interactions
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which is distinguished from the elements of A(Y (k),R1,d−1) by the sign ”hat”. Their non-
vanishing commutator’s relations have the form
[tˆi1
j1 , tˆi2
j2 ] = tˆi1
j2δj1i2 − tˆi2j1δj2i1 , [lˆi2j2 , lˆi1j1 ] = δ{i2{i1 tˆj1}j2},
[tˆi1
j1 , lˆi2j2 ] = lˆi1{j2δ
j1
i2}, [tˆi1
j1 , lˆi2j2 ] = −lˆj1{j2δi2}i1 . (2.25)
It is easy to see that the elements lij, lij+, ti1j1 , t+i1j1 , g
i
0 from HS symmetry algebraA(Y (k),R1,d−1)
are derived from the basis elements of sp(2k) by the rules,
l+ij =
1
2
lˆij, l
ij =
1
2
lˆij, ti
j = tˆi
jθji, tj i
+
= tˆi
jθij, gi0 = −tˆii. (2.26)
The rest elements {li, li+, l0} of the algebra A(Y (k),R1,d−1) forms the subalgebra which de-
scribes the isometries of Minkowski space R1,d−1. It may be realized as direct sum of k-
dimensional commutative algebra T k = {li} and its dual T k∗ = {li+},
{li, li+, l0} = (T k ⊕ T k∗ ⊕ [T k, T k∗]), [T k, T k∗] ∼ l0, (2.27)
so that integer HS symmetry algebra A(Y (k),R1,d−1) represents the semidirect sum of the
symplectic algebra sp(2k) [as an algebra of internal derivations of (T k⊕T k∗)] with (T k⊕T k∗⊕
[T k, T k∗])8,
A(Y (k),R1,d−1) = (T k ⊕ T k∗ ⊕ [T k, T k∗])+⊃ sp(2k). (2.28)
Note, the elements gi0, form a basis in the Cartan subalgebra whereas l
ij, ti
j are the basis of
low-triangular subalgebra in sp(2k).
Having the identification (2.28) we may conclude, the integer spin finite-dimensional irre-
ducible representations of the Lorentz algebra so(1, d − 1) subject to Young tableaux Y T (k)
realized on the tensor fields (2.1) are equivalently extracted by the annihilation of all elements
from so(1, d − 1)-module P dk (a+) by the low-triangular subalgebra of sp(2k) along with the
weight conditions given by the Eqs. (2.10) with respect to its Cartan subalgebra which look as
follows,
lij|Φ〉 = 0, tij|Φ〉 = 0, tˆii|Φ〉 ≡ −gi0|Φ〉 = −
(
si +
d
2
) |Φ〉. (2.29)
The integer spin finite-dimensional irreducible representations of the Poincare algebra iso(1, d−
1) are easily obtain from ones for Lorentz algebra by adding the conditions from T k Abelian
subalgebra and one for D’Alambertian,
li|Φ〉 = 0, l0|Φ〉 = 0. (2.30)
lifting the set P dk (a
+) to Poincare-module (another realization for Poincare module from Lorentz
module see in ref.[5]).
Having constructed the HS symmetry algebra, we can not still construct BRST operator Q
with respect to the elements oI fromA(Y (k),R1,d−1) because of a presence of the non-degenerate
in the Fock space H operators gi0 determining following to the Eqs. (2.13) the system of oI
as one with second-class constraints system. Due to general property [30] of BFV- method
a such BRST operator Q would not reproduce the right set of initial constraints (2.8), (2.9)
in the zero ghost Q-cohomology subspace of total Hilbert space, Htot (H ⊂ Htot). To resolve
the problem, we consider the procedure of conversion the set of oI into one of OI which would
be by first-class constraints only on the subspaces with except for extended number particles
operators GI0.
8The construction of algebra A(Y (k),R1,d−1) in the Eq. (2.28) is similar to the realization of the Poincare
algebra iso(1, d− 1) by means of Lorentz algebra and Abelian subalgebra T (1, d− 1) of space-time translations
which looks as follows, iso(1, d− 1) = T (1, d− 1)+⊃ so(1, d− 1).
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3 Deformed HS symmetry algebra for YT with k rows
In this section, to solve the problem of conversion a set of oI operators we describe the method
of auxiliary representation construction for the symplectic algebra sp(2k) with second-class
constraints alone, in terms of new creation and annihilation operators from auxiliary Fock
space over appropriate Heisenberg–Weyl algebra and extend the latter to the case of massive
integer HS fields subject to the same Young tableaux Y (s1, ..., sk).
3.1 Note on an additive conversion for sp(2k) algebra
We consider a standard variant of additive conversion procedure developed within BRST ap-
proach, see for instance, [32], [39], [52] which implies the enlarging of oI to OI = oI + o
′
I , where
additional parts o′I are given on a new Fock space H′ being independent on H′ in a sense that
H′⋂H = ∅. In this case the elements OI are given on tensor product H ⊗ H′ so that the
requirement for OI to be in involution, i.e. [OI , OJ ] ∼ OK , leads to the series of algebraic
relations,
[o′I , o
′
J ] = f
K
IJo
′
K , [OI , OJ ] = f
K
IJOK (3.1)
with the same structure constants fKIJ as ones for the algebra determined by the Eqs.(2.15) for
the original set of oI .
Because of only sp(2k) generators are the second-class constraints in A(Y (k),R1,d−1) to be
converted then instead of all o′I in (3.1) it should be used only part of them, namely {o′a, o′+a }.
Therefore, one should to get new operator realization of sp(2k) algebra o′I . We will solve this
problem by means of special procedure known in the mathematical literature as Verma module
construction [53] for the latter algebra which results explicitly derived in the appendix A.
3.2 Oscillator realization of the additional parts to constraints
Because of the algebra of the additional parts o′a, o
′+
a is the same as one for original elements, i.e.
given by the part of the table 1 which corresponds to the symplectic algebra sp(2k). One should
be mentioned that in the case of the algebra of mixed-symmetry HS fields A(Y (2),R1,d−1) the
auxiliary representation of its converted subalgebra sp(4) (isomorphic to so(3, 2) algebra used
in [32]) of second-class constraints was considered in [32]. In the more general case of HS fields
subject to Young tableaux with k ≥ 2 rows we also use the prescription of the work [55] to
transform special representation for sp(2k) algebra (Verma module) in details derived in the
Appendix A to the oscillator form to be suitable then for a BRST operator construction. As a
result, we obtain (after some calculations presented in the most part in the Appendix B), first
for the number particles operators and for ones t′+lm, l
′+
ij ,
g′i0 =
∑
l≤m
b+lmblm(δ
il + δim) +
∑
r<s
d+rsdrs(δ
is − δir) + hi , (3.2)
t′+lm = d
+
lm −
l−1∑
n=1
dnld
+
nm −
k∑
n=1
(1 + δnl)b
+
nmbln , (3.3)
l′+ij = b
+
ij . (3.4)
In turn, for the elements l′lm, separately for l = m and for l < m which correspond to the
primary constraints we get
l′ll =
1
4
k∑
n=1,n6=l
b+nnb
2
ln +
1
2
l−1∑
n=1
[n−1∑
n′=1
d+n′ndn′l +
k∑
n′=n+1
(1 + δn′l)b
+
nn′bn′l (3.5)
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−
l−n−1∑
p=0
l−1∑
k1=n+1
. . .
l−1∑
kp=n+p
Ckpl(d+, d)
p∏
j=1
dkj−1kj
]
bnl
+
(
k∑
n=l
b+nlbnl −
∑
s>l
d+lsdls +
∑
r<l
d+rldrl + h
l
)
bll
−1
2
k∑
n=l+1
[
d+ln −
l−1∑
n′=1
d+n′ndn′l −
k∑
n′=n+1
(1 + δn′l)b
+
n′nbn′l
]
bln,
l′lm = −
1
4
m−1∑
n=1
(1 + δnl)
[
−
n−1∑
n′=1
d+n′ndn′m −
∑k
n′=n(1 + δn′m)b
+
n′nbn′m (3.6)
+
m−n−1∑
p=0
m−1∑
k1=n+1
. . .
m−1∑
kp=n+p
Ckpm(d+, d)
p∏
j=1
dkj−1kj
]
bnl
−1
4
k∑
n=m+1
[
d+mn −
m−1∑
n′=1
d+n′ndn′m −
k∑
n′=l+1
(1 + δn′m)b
+
n′nbmn′
]
bln
+
1
4
( k∑
n=m
b+lnbln +
k∑
n=l+1
(1 + δnm)b
+
nmbnm −
∑
s>l
d+lsdls −
∑
s>m
d+msdms
+
∑
r<l
d+rldrl +
∑
r<m
d+rmdrm + h
l + hm
)
blm
−1
4
l−1∑
n=1
[
−
n−1∑
n′=1
d+n′ndn′l +
l−n−1∑
p=0
l−1∑
k1=n+1
. . .
l−1∑
kp=n+p
Ckpl(d+, d)
p∏
j=1
dkj−1kj
−
k∑
n′=n+1
(1 + δn′l)b
+
n′nbn′l
]
bnm − 1
4
k∑
n=l+1
(1 + δnm)
[
d+ln −
l−1∑
n′=1
d+n′ndn′l
]
bmn, l < m.
At last, for the ”mixed-symmetry” operators t′lm, we have,
t′lm = −
l−1∑
n=1
d+nldnm +
m−l−1∑
p=0
m−1∑
k1=l+1
. . .
m−1∑
kp=l+p
Ckpm(d+, d)
p∏
j=1
dkj−1kj (3.7)
−
k∑
n=1
(1 + δnm)b
+
nlbnm , k0 ≡ l.
In the Eqs. (3.5)–(3.7) the operators C lm(d, d+) is determined, for l < m, by the rule,
C lm(d+, d) ≡
(
hl − hm −
k∑
n=m+1
(
d+lndln + d
+
mndmn
)
+
m−1∑
n=l+1
d+nmdnm − d+lmdlm
)
dlm (3.8)
+
k∑
n=m+1
{
d+mn −
m−1∑
n′=1
d+n′ndn′m
}
dln.
In the above expressions quantities hi, i = 1, ..., k are the arbitrary dimensionless constants
whose values will be determined later in the Sec. 5 from a solution of a special spectral prob-
lem. For constructing the additional parts (3.2)–(3.7) we have introduced new Fock space H′
generated by bosonic, b+ij, d
+
rs, bij, drs, i, j, r, s = 1, . . . , k; i ≤ j; r < s, creation and annihila-
tion operators whose number is equal to ones of the second-class constraints o′a, o
′+
a with the
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standard (only nonvanishing) commutation relations
[bi1j1 , b
+
i2j2
] = δi1i2δj1j2 , [dr1s1 , d
+
r2s2
] = δr1r2δs1s2 , (3.9)
Note that the additional parts o′a(B,B
+), o′+a (B,B
+) as the polynomials in the oscillator vari-
ables (B,B+) ≡ (bij, drs; b+ij, d+rs) do not obey the usual properties
(l′lm)
+ 6= l′+lm, l ≤ m, (t′rs)+ 6= t′+rs , r < s. (3.10)
if one should use the standard rules of Hermitian conjugation for the new creation and annihi-
lation operators,
(bij)
+ = b+ij, (drs)
+ = d+rs. (3.11)
To restore the proper Hermitian conjugation properties for the additional parts, we change the
scalar product in the Fock space H′ as follows:
〈Φ1|Φ2〉new = 〈Φ1|K ′|Φ2〉 , (3.12)
for any vectors |Φ1〉, |Φ2〉 with some, yet unknown, operator K ′. This operator is determined by
the condition that all the operators of the algebra must have the proper Hermitian properties
with respect to the new scalar product:
〈Φ1|K ′E−′α|Φ2〉 = 〈Φ2|K ′E ′α|Φ1〉∗, 〈Φ1|K ′g′i0 |Φ2〉 = 〈Φ2|K ′g′i0 |Φ1〉∗, (3.13)
for (E ′α;E−′α) = (l′lm, t
′
rs; l
′+
lm, t
′+
rs ). These relations permit one to determine the operator K
′,
Hermitian with respect to the usual scalar product 〈 | 〉, as follows:
K ′ = Z+Z, Z =
∞∑
(~nlm,~prs)=(~0,~0)
∣∣∣ ~N〉V 1
(~nlm)!(~prs)!
〈0|
∏
r,s>r
dprsrs
∏
l,m≥l
bnlmlm , (3.14)
where (~nlm)! =
∏k
l,m≥l nlm!, (~prs)! =
∏k
r,s>r prs! and a vector
∣∣∣ ~N〉V is determined in the Ap-
pendix B. The detailed calculation of the operator K ′ is described there as well.
Now, we turn to the case of the massive bosonic HS fields whose system of second-class
constraints contains additionally to elements of sp(2k) algebra the constraints of isometry
subalgebra of Minkowski space li, l+i , l0.
3.3 Auxiliary representations of the algebra A(Y (k),R1,d−1) for mas-
sive HS fields
To construct an analogous oscillator representations for the HS symmetry algebra of massive
bosonic HS fields with mass m, where the wave equation given by (2.2) should be changed on
Klein-Gordon equation corresponding to the constraint l0 (l0 = ∂
µ∂µ +m
2) acting on the same
string-vector |Φ〉 (2.7)
(∂µ∂µ +m
2)Φ(µ1)s1 ,(µ2)s2 ,...,(µk)sk = 0. (3.15)
we may to consider the procedure described above in section 3.2 and in details realized in
the Appendices A, B for sp(2k) algebra (see final comments in the Appendix A.1 for massive
case). Instead, we have used the procedure of the dimensional reduction of the initial algebra
A(Y (k),R1,d) for massless HS fields in (d+1)-dimensional flat background to one with dimension
d, R1,d−1.
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To do so let’s write down the rules of the dimensional reduction from R1,d flat space-time
to R1,d−1,
∂M = (∂µ,−ım) , aMi = (aµi , bi) , aM+i = (aµ+i , b+i ) , (3.16)
M = 0, 1, . . . , d , µ = 0, 1, . . . , d− 1 , ηMN = diag(1,−1, . . . ,−1,−1) , (3.17)
Doing so we obtain for the set of the original elements oI from the massless HS symmetry
algebra A(Y (k),R1,d) the ones o˜I in massive HS symmetry algebra A(Y (k),R1,d−1) as follows,
l˜0 = ∂
M∂M = l0 +m
2, g˜i0 = −a+MiaMi +
d+ 1
2
= gi0 + b
+
i bi +
1
2
, (3.18)
l˜i = −iaMi ∂M = li +mbi, l˜+i = −ia+Mi ∂M = l+i +mb+i , (3.19)
l˜ij =
1
2
aMi aMj = lij −
1
2
bibj, l˜
+
ij =
1
2
aM+i a
+
Mj = l
+
ij −
1
2
b+i b
+
j , (3.20)
t˜ij = a
M+
i aMjθ
ji = t+ij − b+i bjθji, t˜+ij = aMi a+Mjθji = t+ij − bib+j θji. (3.21)
The generators (l˜0, l
+
i , li), lij, l
+
ij , tij, t
+
ij, g
i
0) satisfy the same algebraic relations as in the table 1
for massless HS symmetry algebra with except for the commutators,
[li, l
+
j ] = δij(l˜0 −m2). (3.22)
Relations (3.18), (3.22) indicate the presence of 2k additional second-class constraints, li, l
+
i ,
with corresponding oscillator operators bi, b
+
i , [bi, b
+
j ] = δij, in comparison with the massless
case.
It is interesting to see the elements with tilde in the Eqs.(3.18)–(3.21) satisfy the algebraic
relations for massless HS symmetry algebra A(Y (k),R1,d−1) now without central charge (i.e.
those quantities o˜I contains the same second-class constraints as oI in massless case). Therefore,
the converted constraints OI , OI = oI + o
′
I , in massive case are given by the relations,
OI = o˜I + o
′
I , M
2 = m2 +m′2 = 0, (3.23)
where additional parts o′I = o
′
I(bij, b
+
ij, ti1j1 , t
+
i1j1
) are determined by the relations (3.2)–(3.7).
Thus, the auxiliary representation (Verma module) for sp(2k) algebra determines with use
of the dimensional reduction procedure the oscillator realization for the additional parts of
massive HS symmetry algebra A′(Y (k),R1,d−1) completely.
In the next section, we determine the algebra of the extended constraints and find the BRST
operator corresponding to this algebra.
4 BRST-BFV operator
According to our method we should find the BRST-BFV operator. Since the algebra un-
der consideration is a Lie algebra A(Y (k),R1,d−1) this operator can be constructed in the
standard way due to prescription [30]9. First, we introduce the set of the ghost fields CI =
(η0, η
i, η+i , η
ij, η+ij , ϑrs, ϑ
+
rs, η
i
G) of the opposite Grassmann parity to the elements OI = (L0, L
+
i ,
Li, Lij, L
+
ij, Tij, T
+
ij , G
i
0)
10 with the properties
ηij = ηji, η+ij = η
+
ji, ϑrs = ϑrsθ
sr, ϑ+rs = ϑ
+
rsθ
sr, (4.24)
9Application of the BRST approach to HS field theory in AdS space leads to problem of constructing a
BRST-BFV operator for non-linear (super)algebras, see e.g. [56, 57].
10for the massless HS fields the elements L0, L
+
i , Li coincide with l0, l
+
i , li, whereas for the massive case
L0 = l˜0, L
+
i = l˜
+
i + l
′+
i , Li = l˜i + l
′
i account of the Eqs. (3.18), (3.19)
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and their conjugated ghost momenta PI with the same properties as ones for CI in (4.24) with
the only nonvanishing anticommutation relations
{ϑrs, λ+tu} = {λtu, ϑ+rs} = δrtδsu, {ηi,P+j } = {Pj, η+i } = δij ,
{ηlm,P+ij} = {P ij, η+lm} = δliδjm , {η0,P0} = ı, {ηiG,PjG} = ıδij ; (4.25)
They also possess the standard ghost number distribution, gh(CI) = −gh(PI) = 1, providing
the property gh(Q′) = 1, and have the Hermitian conjugation properties of zero-mode pairs,11(
η0, η
i
G,P0,P iG
)+
=
(
η0, η
i
G,−P0,−P iG
)
. (4.26)
The BRST operator for the algebra of OI given by the table 1 can be found in an exact form,
with the use of the (CP)-ordering of the ghost coordinate CI and momenta PI operators, as
follows:
Q′ = OICI + 1
2
CICJfKJIPK (4.27)
Finally, we have
Q′ = 1
2
η0L0 + η
+
i L
i +
∑
l≤m
η+lmL
lm +
∑
l<m
ϑ+lmT
lm + 1
2
ηiGGi +
ı
2
∑
l η
+
l η
lP0 (4.28)
−
∑
i<l<j
ϑ+ljϑ
+
i
lλij + ı
2
∑
l<m
ϑ+lmϑ
lm(PmG − P lG)−
∑
l<n<m
ϑ+lmϑ
l
nλ
nm
+
∑
n<l<m
ϑ+lmϑn
mλ+nl −
∑
n,l<m
(1 + δln)ϑ
+
lmη
l+
nPmn +
∑
n,l<m
(1 + δmn)ϑ
+
lmη
m
nP+ln
+
ı
8
∑
l≤m
(1 + δlm)η
+
lmη
lm(P lG + PmG ) +
1
2
∑
l≤m
(1 + δlm)η
l
G
(
η+lmP lm − ηlmP lm+
)
+1
2
∑
l<m,n≤m
η+nmη
n
lλ
lm + 1
2
∑
l<m
(ηmG − ηlG)
(
ϑ+lmλ
lm − ϑlmλlm+
)
−[1
2
∑
l≤m
(1 + δlm)η
mη+lm +
∑
l<m
ϑlmη
+m +
∑
m<l
ϑ+mlη
+m
]P l
+
1
2
∑
l
ηlG
(
η+l P l − ηlP l+
)
+ h.c.
The property of the BRST operator to be Hermitian is defined by the rule
Q′+K = KQ′ , (4.29)
and is calculated with respect to the scalar product 〈 | 〉 in Htot with the measure ddx, which,
in its turn, is constructed as the direct product of the scalar products in H,H′ and Hgh. The
operator K in (4.29) is the tensor product of the operator K ′ in H′ and the unit operators in
H, Hgh
K = 1ˆ⊗K ′ ⊗ 1ˆgh . (4.30)
Thus, we have constructed a Hermitian BRST operator for the entire algebra Ac(Y (k),R1,d−1)
of OI . In the next section, this operator will be used to construct a Lagrangian action for
bosonic HS fields of spin (s1, ..., sk) in a flat space.
11By means of the redefinition
(P0,PiG) 7→ ı (P0,PiG), the BRST operator (4.28) and relations (4.25) are
written in the notation of [37], [38].
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5 Construction of Lagrangian Actions
The construction of Lagrangians for bosonic higher-spin fields in a d-dimensional Minkowski
space can be developed by partially following the algorithm of [32], [39], which is a particular
case of our construction, corresponding to s3 = 0. As a first step, we extract the dependence of
the BRST operator Q′ (4.28) on the ghosts ηiG,P iG, so as to obtain the BRST operator Q only
for the system of converted first-class constraints {OI} \ {Gi0}:
Due to special character of the number particles operators Gi0 let’s extract the terms pro-
portional to the ghost variables ηiG,P iG from BRST operator Q′ (4.28),
Q′ = Q+ ηiG(σ
i + hi) +AiP iG (5.1)
where the operator Q corresponding only to the converted first-class constraints determines as
Q = 1
2
η0L0 + η
+
i L
i +
∑
l≤m
η+lmL
lm +
∑
l<m
ϑ+lmT
lm + ı
2
∑
l η
+
l η
lP0
−
∑
i<l<j
ϑ+ljϑ
+
i
lλij −
∑
l<n<m
ϑ+lmϑ
l
nλ
nm +
∑
n<l<m
ϑ+lmϑn
mλ+nl
−
∑
n,l<m
(1 + δln)ϑ
+
lmη
l+
nPmn +
∑
n,l<m
(1 + δmn)ϑ
+
lmη
m
nP+ln + 12
∑
l<m,n≤m
η+nmη
n
lλ
lm
−[1
2
∑
l≤m
(1 + δlm)η
mη+lm +
∑
l<m
ϑlmη
+m +
∑
m<l
ϑ+mlη
+m
]P l + h.c. (5.2)
The generalized spin operator ~σ = (σ1, σ2, ..., σk), extended by the ghost Wick-pair variables,
has the form
σi = Gi0 − hi − ηiP+i + η+i Pi +
∑
m
(1 + δim)(η
+
imP im − ηimP+im)
+
∑
l<i
[ϑ+liλ
li − ϑliλ+li ]−
∑
i<l
[ϑ+ilλ
il − ϑilλ+il ] , (5.3)
commutes with operator Q
[Q, σi] = 0 , (5.4)
whereas the operatorial quantities Ai are uniquely defined from (4.28) as follows
Ai = −ı
∑
l<m
ϑ+lmϑ
lm(δmi − δli) + ı
4
∑
l≤m
(1 + δlm)η
+
lmη
lm(δil + δmi). (5.5)
We choose a representation of the Hilbert space given by the relations
(ηi, ηij, ϑrs,P0,Pi,Pij, λrs,P iG)|0〉 = 0, |0〉 ∈ Htot, (5.6)
and suppose that the field vectors |χ〉 as well as the gauge parameters |Λ〉 do not depend on
ghosts ηiG for number particle operators G
i
0
|χ〉 =
∑
n
k∏
l
(b+l )
nl
k∏
i≤j,r<s
(b+ij)
nij(d+rs)
prs(η+0 )
nf0
×
∏
i,j,l≤m,n≤o
(η+i )
nfi(P+j )npj(η+lm)nflm(P+no)npno
∏
r<s,t<u
(ϑ+rs)
nfrs(λ+tu)
nλtu
× |Φ(a+i )nf0(n)fi(n)pj(n)flm(n)pno(n)frs(n)λtu(n)l(n)ij(p)rs 〉 . (5.7)
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The brackets (n)fi, (n)pj, (n)ij in definition of (5.7) means, for instance, for (n)ij the set of
indices (n11, ..., n1k, ..., nk1, ..., nkk). The sum above is taken over nl, nij, prs and running from
0 to infinity, and over the rest n’s from 0 to 112. Let us denote by |χk〉 the state (5.7) with the
ghost number −k, i.e. gh(|χk〉) = −k. Thus, the physical state having the ghost number zero
is |χ0〉, the gauge parameters |Λ〉 having the ghost number −1 is |χ1〉 and so on. Moreover for
vanishing of all auxiliary creation operators b+, d+ and ghost variables η0, η
+
i ,P+i , ... the vector
|χ0〉 must contain only physical string-like vector |Φ〉 = |Φ(a+i )(0)fo(0)fi(0)pj(0)flm(0)pno(0)frs(0)λtu(0)l(0)ij(0)rs 〉,
so that
|χ0〉 = |Φ〉+ |ΦA〉, (5.8)
where the vector |ΦA〉 includes only the auxiliary fields as its components. One can show,
using the part of equations of motion and gauge transformations, that the vector |ΦA〉 can be
completely removed. The details are given in Appendix C.
Since the vectors (5.7) do not depend on ηiG the equation for the physical state Q
′|χ0〉 = 0
and the tower of the reducible gauge transformations, δ|χ〉 = Q′|χ1〉, δ|χ1〉 = Q′|χ2〉, . . .,
δ|χ(s−1)〉 = Q′|χ(s)〉, lead to a sequence of relations:
Q|χ〉 = 0, (σi + hi)|χ〉 = 0, (ε, gh) (|χ〉) = (0, 0), (5.9)
δ|χ〉 = Q|χ1〉, (σi + hi)|χ1〉 = 0, (ε, gh) (|χ1〉) = (1,−1), (5.10)
δ|χ1〉 = Q|χ2〉, (σi + hi)|χ2〉 = 0, (ε, gh) (|χ2〉) = (0,−2), (5.11)
. . . . . . . . .
δ|χs−1〉 = Q|χs〉, (σi + hi)|χs〉 = 0, (ε, gh) (|χs〉) = (smod 2,−s). (5.12)
Where s = k(k+1)−1 is the stage of reducibility both for massless and for the massive bosonic
HS field, because of the only non-vanishing vector (independent gauge parameter |χk(k+1)〉)
has lowest negative ghost number when all the anticommuting ghost momenta PI compose
|χk(k+1)〉 without presence of the ghost coordinates CI in it. The middle set of equations in
(5.9)–(5.12) determines the possible values of the parameters hi and the eigenvectors of the
operators σi. Solving these equations, we obtain a set of eigenvectors, |χ0〉(n)k , |χ1〉(n)k , . . .,
|χs〉(n)k , n1 ≥ n2 ≥ . . . nk ≥ 0, and a set of eigenvalues,
− hi = ni + d− 2− 4i
2
, i = 1, .., k , n1, ..., nk−1 ∈ Z, nk ∈ N0 , (5.13)
for massless and
− him = ni +
d− 1− 4i
2
, i = 1, .., k , n1, ..., nk−1 ∈ Z, nk ∈ N0 , (5.14)
for massive HS fields. The values of ni are related to the spin components si of the field, because
of the proper vector |χ〉(s1,...,sk) corresponding to (h1, ..., hk) has the leading term
|Φ(a+i )0fo(0)fi(0)pj(0)flm(0)pno(0)frs(0)λtu(0)l(0)ij(0)rs 〉,
independent of the auxiliary and ghost operators, which corresponds to the field Φ(µ1)s1 ,...,(µk)sk (x)
with the initial value of spin s = (s1, ..., sk) in the decomposition (5.7) and representation (5.8).
12for the massless basic HS field Φ(µ1)s1 ...(µk)sk there are no operators b
+
l in the decomposition (5.7), i.e.
indices (n)l = (0)l.
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Let us denote the eigenvectors of σi corresponding to the eigenvalues (n
i + d−2−4i
2
) as |χ〉(n)k .
Thus we may write
σi|χ〉(n)k =
(
ni +
d− 2− 4i
2
)
|χ〉(n)k . (5.15)
for massless HS fields and
σi|χ〉(n)k =
(
ni +
d− 1− 4i
2
)
|χ〉(n)k . (5.16)
for massive ones. Then one can show that in order to construct Lagrangian for the field
corresponding to a definite Young tableau (2.1) the numbers ni must be equal to the numbers
of the boxes in the i-th row of the corresponding Young tableau, i.e. ni = si. Thus the state
|χ〉(s)k contains the physical field (2.7) and all its auxiliary fields. Let us fix some values of
ni = si. Then one should substitute hi corresponding to the chosen si (5.13) or (5.14) into
(4.28), (5.9)–(5.12). Thus, the equation of motion (5.9) corresponding to the field with given
spin (s1, ..., sk) has the form
Q(n)k |χ0〉(n)k = 0. (5.17)
Since the BRST-BFV operator Q′ is nilpotent (4.28) at any values of hi we have a sequence
of reducible gauge transformations
δ|χ0〉(n)k = Q(n)k |χ1〉(n)k , δ|χ1〉(n)k = Q(n)k |χ2〉(n)k , (5.18)
. . . . . . . . .
δ|χk(k+1)−1〉(n)k = Q(n)k |χk(k+1)〉(n)k , δ|χk(k+1)〉(n)k = 0 . (5.19)
One can show that Q(n)k is nilpotent when acting on |χ〉(n)k
Q2(n)k |χ〉(n)k ≡ 0. (5.20)
Thus we have obtained equation of motion (5.17) of arbitrary integer spin gauge theory subject
to Y T (s1, ..., sk) with mixed symmetry in any space-time dimension and its tower of reducible
gauge transformations (5.18)–(5.19).
We next find a corresponding Lagrangian. Analogously to the bosonic one and two row
cases [36], [32], [39] one can show that Lagrangian action for fixed spin (n)k = (s)k is defined
up to an overall factor as follows
S(s)k =
∫
dη0 (s)k〈χ0|K(s)kQ(s)k |χ0〉(s)k (5.21)
where the standard scalar product for the creation and annihilation operators is assumed with
measure ddx over Minkowski space. The vector |χ0〉(s)k and the operator K(s)k in (5.21) are
respectively the vector |χ〉 (5.7) subject to spin distribution relations (5.15) for massless or
(5.16) for massive HS tensor field Φ(µ1)s1 ,...,(µk)sk (x) with vanishing value of ghost number and
operator K (4.30) where the following substitution is done hi → −(ni + d−2−4i+θ(m)2 ), with
θ-function θ(x), to be equal 1 for x > 0 and vanishing in other case. The former choice
corresponds to a theory of massive HS bosonic field whereas the latter choice (for θ(m) = 0) to
a theory of massless HS bosonic field.
One can prove that the Lagrangian action (5.21) indeed reproduces the basic conditions
(2.2)–(2.5) for massless and (3.15), (2.3)–(2.5) for massive HS fields. Such a proof is a test
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of correctness of the approach under consideration. The details of the proof are given in
Appendix C. Relations (5.18), (5.19) and (5.21) are our final results. These results provide
a complete solution of general problem of Lagrangian construction for arbitrary massless and
massive higher spin bosonic fields with indices corresponding to arbitrary Young tableaux.
General action (5.21) gives, in principle, a straight recept to obtain the Lagrangian for any
component field from general vector |χ0〉(s)k since the only what we should do, if to use quantum
mechanical terminology, is computations of vacuum expectation values of products of some
number of creation and annihilation operators.
Indeed, the general expressions (5.18), (5.19), (5.21) for Lagrangian formulation can be pre-
sented in the component form without presence of operatorial variables for any concrete initial
tensor field Φ(µ1)s1 ,...,(µk)sk (x), analogously to the particular examples considered for totally-
symmetric (for k = 1) massless [52] and massive [36], for mixed-symmetry (for k = 2) massless
[32] and massive [39] bosonic HS fields on an arbitrary flat background. To obtain the result, we
have to derive component Lagrangian formulation for a given HS tensor field with k > 2 rows
in the corresponding Young tableaux in terms of only initial and auxiliary tensor fields having
a decomposition (5.7) by means of a standard calculation of the scalar products with accurate
treatment of the action of all ghost, creation (initial ai+µi , auxiliary b
+
i , b
+
ij, d
+
rs) and annihilation
(aiµi , bi, bij, drs) operators composing the vectors |χ0〉(s)k , . . ., |χk(k+1)〉(s)k and operators K(s)k ,
Q(s)k in the Eqs.(5.18), (5.19), (5.21). This analysis shows that there exists a possibility to
obtain the component Lagrangians from the general action (5.21). However, it is worth em-
phasizing that such component Lagrangians will look complicate enough and cumbersome and
we do not see necessity to write down it here since all general property can be studied and
understood on the base of action (5.21).
Construction of the Lagrangians describing propagation of all massless or of all massive
bosonic fields in flat space simultaneously is analogous to that for the totally-symmetric case
[36] and we do not consider it here.
In what follows, we consider some examples of the Lagrangian formulation procedure.
6 Examples
Here, we shall realize the general prescriptions of our Lagrangian formulation in the case of
mixed-symmetry bosonic fields of lowest value of rows and spins.
6.1 Spin-(s1, s2) mixed-symmetric field
Let us consider the mixed-symmetric field with two families of indices corresponding to spin-
(s1, s2). In this case we expect that our result will be reduced to that considered for massless
case in [32] and for massive in [39], where respectively the mixed-symmetric massless and
massive bosonic fields subject to Y (s1, s2) were considered. According to our procedure we
have (n1, n2) = (s1, s2), ni = 0, for i = 3, . . . , k. One can show that if given ni = 0 then in
(2.7) and (5.7) all the components related with the rows i ≥ 3 in the Young tableaux must be
vanish, i.e.
nl = n1j = n2m = p1s = p2t = nfi = npj = nf1j = nf2m = np1j = np2o
= nf1s = nf2t = nλ1s = nλ2t = nsm = 0, for l, j,m, s, t, i, o > 2. (6.1)
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Thus the state vector is reduced to
|χ〉 =
∑
n
2∏
l
(b+l )
nl
2∏
i≤j
(b+ij)
nij(d+12)
p12(η+0 )
nf0
2∏
i,j,l≤m,n≤o
(η+i )
nfi(P+j )npj(η+lm)nflm(P+no)npno
× (ϑ+12)nf12(λ+12)nλ12|Φ(a+1 , a+2 )nf0(n)fi(n)pj(n)flm(n)pnonf12nλ12(n)l(n)ijp12 〉 , (6.2)
|Φ(a+1 , a+2 )nf0...nλ12(n)l(n)ijp12〉 =
∞∑
p1=0
p1∑
p2=0
Φ(µ1)p1 ,(µ2)p2 ,(0)s3 ...,(0)sk (x)
p1∏
l1=1
a
+µ1l1
1
p2∏
l2=1
a
+µ2l2
2 |0〉 (6.3)
which corresponds to that in [39] and for (n)l = (0)l to [32]. The operator C
lm(d+, d) in (3.8)
now has the only non-vanishing value for C12(d+, d),
C12(d+, d) ≡ (h1 − h2 − d+12d12)d12, (6.4)
so that the expression for sp(4) algebra auxiliary representation may be easily derived from
the Eqs.(3.2)–(3.7). Then one can easily show that equations (5.17), (5.18), (5.19), (5.21) with
|χ〉 as in (6.2), (6.3) reproduce the same relations as those in [32] for massless and in [39] for
massive case.
6.2 Spin-(s1, s2, s3) general mixed-symnmetric field
Now we consider a new yet unknown Lagrangian formulation for mixed-symmetric HS field
Φ(µ1)s1 ,(µ2)s2 ,(µ3)s3 with three group of symmetric indices subject to Y (s1, s2, s3). The values of
spin (s1, s2, s3), for s1 ≥ s2 ≥ s3, can be composed from the set of coefficients (nl, nij, prs, nf0, nfi,
npj, nflm, npno, nfrs, nλtu, pi), for l, i, j, r, s, l,m, n, o, t, u = 1, 2, 3, i ≤ j, r < s, l ≤ m,n ≤ o, t <
u, in (5.7) and (2.7)13 to be restricted for all the vectors |χl〉(s)3 , l = 0, . . . , 12 in view of the
spectral problem solution (5.15), (5.16) by the formulae
si = pi + Θ(m)ni +
∑
j=1
(1 + δij)(nij + nfij + npij) + nfi + npi
+
∑
r<i
(pri + nfri + nλri)−
∑
r>i
(pir + nfir + nλir) , i = 1, 2, 3. (6.5)
In addition to the restrictions (6.5), being valid for general case of HS field subject to Y (s1, . . . , sk)
as well, the subset of ”ghost” numbers (nf0, nfi, npj, nflm, npno, nfrs, nλtu)in (5.7) and (2.7) for
fixed values of si, satisfies the following equations for |χl〉(s)3 , l = 0, . . . , k(k + 1) = 12,
|χl〉(s)3 : nf0 +
∑
i
(
nfi − npi
)
+
∑
i≤j
(
nfij − npij
)
+
∑
r<s
(
nfrs − nλrs
)
= −l, (6.6)
which follows from ghost number distributions (5.9)–(5.12). Above (k + 1[k(k + 1)]) relations
(6.5), (6.6) (for given example equal to (3 + 12)) express the fact of the general homogeneity
of the vectors |χl〉(s)3 with respect to spin and ghost number distributions.
The corresponding BRST operator Q in (5.2) for 25 constraints (L0, Li, Lij, Trs, L
+
i , L
+
ij, T
+
rs)
has the form,
Q = 1
2
η0L0 + η
+
i L
i +
∑
l≤m
η+lmL
lm +
∑
l<m
ϑ+lmT
lm + ı
2
∑
l
η+l η
lP0 − ϑ+23(ϑ+12λ13 − ϑ13λ+12) (6.7)
− ϑ+13ϑ12λ23 −
∑
n,l<m
(1 + δln)ϑ
+
lmη
l+
nPmn +
∑
n,l<m
(1 + δmn)ϑ
+
lmη
m
nP+ln
+1
2
∑
l<m,n≤m
η+nmη
n
lλ
lm − [1
2
∑
l≤m
(1 + δlm)η
mη+lm +
∑
l<m
ϑlmη
+m +
∑
m<l
ϑ+mlη
+m
]P l+h.c.
13we change the indices si given in (2.7) for the vector in initial Fock space H on pi because of the usage of
si for the value of generalized spin of the basic HS field Φ(µ1)s1 ,(µ2)s2 ,(µ3)s3
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and is nilpotent after substitution hi → −(pi+ d−2−4i+θ(m)2 ), for i = 1, 2, 3, in it, when restricted
on to Hilbert subspace in Htot to be formed by the vectors |χl〉(s)3 (5.9) to be proper for the
spin operator (σ1, σ2, σ3) (5.3).
The explicit form of the additional parts to the constraints o′a is determined by the relations
(3.2)–(3.7), but for k = 3 rows in YT, so that, the operators t′+lm, for l,m = 1, 2, 3; l < m in
(3.3) and C12(d+, d), C13(d+, d), C23(d+, d) in (3.8) are written as follows,
t′+12 = d
+
12 −
∑3
n=1
(1 + δ1n)b
+
n2b1n , (6.8)
t′+13 = d
+
13 −
∑3
n=1
(1 + δ1n)b
+
n3b1n , (6.9)
t′+23 = d
+
23 − d12d+13 −
∑3
n=1
(1 + δn2)b
+
n3b2n , (6.10)
C12(d+, d) ≡ (h1 − h2 − d+12d12 − d+13d13 − d+23d23)d12 + {d+23 − d+13d12}d13, (6.11)
C13(d+, d) ≡ (h1 − h3 − d+13d13 + d+23d23)d13, (6.12)
C23(d+, d) ≡ (h2 − h3 − d+23d23)d23. (6.13)
It permit to present, first, the expressions for the elements, l′ll as,
l′11 =
1
4
3∑
n=2
[
b+nnb1n − 2d+1n + 2b+n3b13
]
b1n +
( 3∑
n=1
b+1nb1n − d+12d12 − d+13d13 + h1
)
b11,(6.14)
l′22 =
1
4
(
b+11b
2
12 + b
+
33b
2
23
)
+
1
2
[
2b+12b22 + b
+
13b23 − C12(d+, d)
]
b12 (6.15)
+
(
b+22b22 + b
+
23b23 − d+23d23 + d+12d12 + h2
)
b22 − 1
2
[
d+23 − d+13d12
]
b23,
l′33 =
1
4
(
b+11b
2
13 + b
+
22b
2
23
)
+
1
2
[
d+12d13 + 2b
+
23b33 − C23(d+, d)
]
b23 (6.16)
+
1
2
[
b+12b23 + 2b
+
13b33 − C13(d+, d)− C23(d+, d)d12
]
b13
+
(
b+33b33 + d
+
13d13 + d
+
23d23 + h
3
)
b33,
second for l′lm, for l < m,
l′12 =
1
4
( 3∑
n=2
[
b+1nb1n + (1 + δn2)b
+
2nb2n
]− d+13d13 − d+23d23 + h1 + h2)b12 (6.17)
−1
2
[
C12(d+, d)−
3∑
n=1
(1 + δn2)b
+
1nbn2
]
b11 − 1
4
[
2d+12b22 + d
+
13b23
]
−1
4
[
d+23 − d+13d12 −
3∑
n=2
(1 + δn2)b
+
n3b2n
]
b13,
l′13 =
1
4
(
b+13b13 +
3∑
n=2
(1 + δn3)b
+
n3bn3 − d+12d12 + d+23d23 + h1 + h3
)
b13 (6.18)
+
1
4
[ 3∑
n=2
(1 + δn3)b
+
2nbn3 + d
+
12d13 − C23(d+, d)
]
b12 − 1
4
[
d+12b23 + 2d
+
13b33
]
+
1
2
[ 3∑
n=1
(1 + δn3)b
+
1nbn3 − C13(d+, d)− C23(d+, d)d12
]
b11,
18
l′23 =
1
4
[ 3∑
n=1
(1 + δn3)b
+
2nbn3 − C13(d+, d)− C23(d+, d)d12
]
b12 (6.19)
+
1
2
[ 3∑
n=2
(1 + δn3)b
+
2nbn3 + d
+
12d13 − C23(d+, d)
]
b22
+
1
4
(
b+23b23 + 2b
+
33b33 + d
+
12d12 + d
+
13d13 + h
2 + h3
)
b23
−1
4
[
C12(d+, d)−
3∑
n=2
(1 + δn2)b
+
1nb2n
]
b13 − 1
2
[
d+23 − d+13d12
]
b33,
and, third, for t′lm,
t′12 = C
12(d+, d)−
∑3
n=1
(1 + δn2)b
+
n1bn2 , (6.20)
t′13 = C
13(d+, d) + C23(d+, d)d12 −
∑3
n=1
(1 + δn3)b
+
n1bn3 , (6.21)
t′23 = −d+12d13 + C23(d+, d)−
∑3
n=1
(1 + δn3)b
+
n2bn3 . (6.22)
Relations (6.8)–(6.22) together with Eqs. (3.2), (3.4) for the value of k = 3 compose the scalar
oscillator realization of sp(6) algebra over Heisenberg-Weyl algebra A9 with 18 independent
operators b+ij, bij, d
+
rs, drs, for i ≤ j, r < m.
At last, the Lagrangian equations of motion (5.17), set of reducible Abelian gauge trans-
formations (5.18)–(5.19) and proper unconstrained action S(s)3 (5.21) have the final respective
form for the HS field of spin (s1, s2, s3),
Q(s)3|χ0〉(s)3 = 0; (6.23)
δ|χ0〉(s)3 = Q(s)3|χ1〉(s)3 , δ|χ1〉(s)3 = Q(s)3|χ2〉(s)3 , (6.24)
. . . . . . . . .
δ|χ11〉(s)3 = Q(s)3|χ12〉(s)3 , δ|χ12〉(s)3 = 0 ; (6.25)
S(s)3 =
∫
dη0 (s)3〈χ0|K(s)3Q(s)3 |χ0〉(s)3 , (6.26)
where operator K(s)3 is determined by the relations (3.14), (4.30), (B.11) for k = 3. The
corresponding Lagrangian formulation is at most 11-th stage reducible gauge theory for free
arbitrary HS bosonic field subject to Y (s1, s2, s3) Young tableaux on Minkowski R1,d−1 space.
We will use obtained Lagrangian formulation (6.23)–(6.26) to find the component Lagrangian
formulation for the field Φµν,ρ,σ with spin s = (2, 1, 1).
6.3 Spin-(2, 1, 1) mixed-symmetric massless field
Here, we apply the general prescriptions of our Lagrangian formulation for rank-4 tensor field,
Φµν,ρ,σ, to be symmetric in indices µ, ν, i.e. Φµν,ρ,σ = Φνµ,ρ,σ, starting from the analysis of tower
of gauge transformations on a base of cohomological resolution complex.
6.3.1 Reducible gauge transformations for the gauge parameters
In the case of spin-(2, 1, 1) field, we have (h1, h2, h3) = ({1− d
2
}, {4− d
2
}, {6− d
2
}). Therefore,
due to analysis of the system of three spin (6.5) and one (6.6) ghost number equations on all
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the indices of powers in the decomposition (5.7) and (2.7) for the field |χ0〉(s)3 and each of the
gauge parameters |χl〉(s)3 , (s)3 = (2, 1, 1) and l = 1, . . . , 12, the gauge theory is the L = 4th
stage of reducibility (L = 5 < L3 = 11).
The first lowest and, therefore, independent gauge parameter |χ5〉(s)3 is determnined only
one component scalar field φ5(x) (D.1) (see Appendix D, where all the explicit expressions
for the vectors |χl〉(s)3 , l = 0, . . . , 5 are derived from the general Eq. 5.7). For the reducible
gauge parameter of the fourth level |χ4〉(s)3 given by the Eqs. (D.2), (D.3)–(D.5) we have
from the equation in (5.19) or equivalently in (6.24), (6.25), δ|χ4〉(s)3 = Q(s)3|χ5〉(s)3 , the gauge
transformations for the components of fourth level gauge parameter, with omitting coordinates
x, (x ∈ R1,d−1) in arguments, has the form for component functions,
δφ40 = φ5, δφ41 = −φ5, δφ42 = φ5, (6.27)
δφ43 = −φ5, δφ44 = 2φ5, δφ411 = 0, (6.28)
δφ45 = −δφ46 = φ5, δφ45|µν =
1
2
ηµνφ
5, δφ49|µ = 0, (6.29)
δφ410|µ = −i∂µφ5, δφ47|µ = i∂µφ5, δφ′47|µ = δφ48|µ = 0. (6.30)
To derive Eqs.(6.27)–(6.30), we have taken into account the definition of BRST operator (6.7)
and structure of the additional parts for constraints (6.8)–(6.22).
Then, we impose the gauge conditions (C.9)14 for the first lowest dependent gauge parameter
|χ4〉(s)3 . As the solution of the equation, b+11P+11|χ4〉(s)3 = 0, obtained from general consideration,
we have the vector |χ4g〉(s)3 with vanishing function φ45, so that the theory become by the third
stage reducible gauge theory, with vanishing φ5 and the rest independent component functions
in |χ4g〉(s)3 which has the form of the Eq.(D.2) but with φ45 = 0.
In turn, the general gauge conditions (C.10) applied to the second lowest dependent gauge
parameter |χ3〉(s)3 given by the Eq. (D.6) and Eqs.(D.7)-(D.15), has the form
b11P+11|χ3〉(s)3 = 0, b12P+11P+12|χ3〉(s)3 = 0, (6.31)
and lead to vanishing of the component functions, φ3p, φ
3
05, φ
′3
11, φ
3
b|µ, φ
′3
28|µ, φ
′′3
28|µ, for p =
7, 10, 11, 13, 45, b = 28, 29, 36.
To find the degree of freedom of which component functions in the independent reduced
vector |χ4g〉(s)3 correspond to the vanishing of the above third level components φ3··· we should
to consider the explicit form of the gauge transformations for the components in |χ3〉(s)3 . They
are given by the Eqs. (6.24), (6.25), namely, δ|χ3〉(s)3 = Q(s)3|χ4g〉(s)3 . We do not make here
corresponding sequence of the component relations which follows from the above relation, but
the restrictions on above φ3··· gauge parameters are due to used degrees of freedom from the
vector |χ4g〉(s)3 related respectively to the components φ4s, φ′47|µ, φ4t|µ, for s = 2, 1, 3, 6, 11, 0, 4,
t = 8, 10, 9, 7 which we must set to 0 in (D.2) for |χ4g〉(s)3 . In addition, to the conditions
(6.31) we may to gauge away the third level components φ37|µν by means of the rest fourth level
parameter φ45|µν so that all the degrees of freedom from the vector |χ4g〉(s)3 are completelu used.
As the result, the theory becomes by the second-stage reducible theory. The only component
fields from the reduced third level vector in Htot |χ3g〉(s)3 (D.6) survive with except for gauged
away φ37|µν , φ
3
p, φ
3
05, φ
3
b|µ, φ
′3
11, φ
′3
28|µ, φ
′′3
28|µ, for p = 7, 10, 11, 13, 45, b = 28, 29, 36.
Then, for the reducible gauge parameter of the second level |χ2〉(s)3 given by the Eqs.(x-2),
14General gauge-fixing procedure described in the Appendix C must be adapted because of as it is mentioned
in the Appendix D our example of the field Φµν,ρ,σ has not the form of general mixed-symmetric field considered
in the Appendix C which should be at least characterized by Young tableaux Y (7, 7, 7) for k = 3 rows
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(D.17)–(D.25) we impose the general gauge conditions (C.11) having for our case the form,
(
b11P+11, b12P+11P+12, b13
3∏
i
P+1i
)
|χ2〉(s)3 = 0. (6.32)
Eqs. (6.32) lead to vanishing of the component functions, φ2p, φ
′2
r , φ
′′2
1 , φ
′′′2
1 , φ
2
b|µ, φ
′2
c|µ, φ
′′2
c|µ,
φ′′′2d|µ, φ
(iv)2
46|µ , φ
(v)2
46|µ, φ
2
e|µν , φ
′2
100|µν , φ
2
100|µ,ν for p = 1, 6, 7, 16, 47, 51, 53, 56, 69, 92, 95 − 100, r =
1, 16, 47, 100, b = 46, 50, 52, 55, 66, 67, 68, 75, c = 46, 52, 55, 67, d = 46, 55, e = 99, 100. In turn,
the η0-dependent terms in |χ20〉(s)3 have the same structure as ones in |χ3〉(s)3 (D.6) and therefore
the same components as in |χ3〉(s)3 should vanish in |χ20〉(s)3 , i.e. of the φ20v, φ20w|µ, φ′2011, φ′2028|µ,
φ′′2028|µ for v = 7, 10, 11, 13, 45, w = 28, 29, 36 and of φ
2
07|µν .
The last restrictions are in one-to-one correspondence (due to homogeneity in η0 the BRST
operator Q (6.7)) with the used degrees of freedom from the vector |χ30〉(s)3 related to the
components φ30s, φ
3
0t|µ, for s = 2, 1, 3, 4, 6, 11, t = 7, 8, 9, 10, φ
′3
07|µ and of φ
3
05|µν which we must
set to 0 in η0|χ30〉(s)3 in (D.6) so that η0-dependent terms have used totally.
To make this conclusion we must obtain the explicit form of the gauge transformations
for the component parameters in |χ2〉(s)3 . They are generated by the standard Eqs. (6.24),
(6.25), namely, δ|χ2〉(s)3 = Q(s)3 |χ3g〉(s)3 . We do not write below corresponding sequence of
the component relations (vanishing gauge transformations for |χ2〉(s)3), which forms due to the
gauge (6.32) a system of not only the algebraic linear more than one hundred equations in all
components (reminding the case of ”unfolded” Vasiliev equations). Its solution is found by the
Gauss-like procedure so that all the degrees of freedom from the vector |χ3〉(s)3 with except for
the vectors φ31|µ, φ
3
8|µ and scalar φ
3
9 should be used to gauge away the above components from
eta0-independent part of |χ2〉(s)3 .
Then, from the residual gauge transformations for the second level parameters in the vectors
|φ29〉(1,0,0), |φ210〉03 we find
δφ29|µ = φ
3
8|µ, δφ
2
10 = φ
3
9 (6.33)
and therefore, the components φ29|µ, φ
2
10 should gauged away by means of respective third level
parameters φ38|µ, φ
3
9.
As the result, the final gauge transformations with non-vanishing third level gauge parameter
φ31|µ have the form
δφ201|µ = φ31|µ, δφ′′′21|µ,ν = −i∂νφ31|µ, δφ216|µ,ν = i∂νφ31|µ, (6.34)
δφ256|µν = − i2∂{νφ31|µ}15, δφ22 = i∂µφ31|µ. (6.35)
All the rest components in the gauge fixed vector |χ2g〉(s)3 (obtained from |χ2〉(s)3 (D.16) in
the result of the gauge procedure resolution above) do not contain totally or partially the
components from the vectors |φ2···〉(··· ) in H
⊗H′ whose components were gauged away.
Next, for the reducible gauge parameter of the first level |χ1〉(s)3 given by the Eqs.(D.26),
(D.27)–(D.30) the general gauge conditions (C.14), for k = 3 and l = 11 having now the form,
(
b11P+11, b12
2∏
i
P+1i, b13
3∏
i
P+1i, b22
3∏
i
P+1iP+22
)
|χ1〉(s)3 = 0. (6.36)
15we have used in the Eqs. (6.35) and will use later both for symmetrization and antisymmetrization of
Lorentz indices the conventions, A{µ,ν} = Aµ,ν +Aν,µ, A[µ,ν] = Aµ,ν −Aν,µ, i.e. Aµ,ν = 12A{µ,ν} + 12A[µ,ν]
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lead to vanishing of the component functions, φ1p, φ
′1
r , φ
′′1
t , φ
′′′1
55 , φ
′′′1
154, φ
′′′1
163, φ
1
b|µ, φ
′(′′)1
c|µ , φ
′′′1
d|µ, φ
(iv)1
d|µ ,
φ
(v)1
75|µ, φ
(6)1
1|µ –φ
(12)1
1|µ φ
1
e|µν , φ
′1
f |µν , φ
′′1
h|µν , φ
′′′1
h|µν , φ
1
g|µ,ν , φ
′1
h|µ,ν for p = 13−15, 21, 49, 55, 59, 60, 62, 69, 70,
89, 91, 95, 96, 105, 136, 139, 146, 147, 150, 153, 154, 156, 159 − 163; r = 15, 49, 55, 69, 70, 95, 136,
150, 154, 159, 162, 163; t = 55, 69, 154, 163; b = 1, 54, 66 − 68, 74, 75, 94, 99, 100, 155, 157, 158;
c = 1, 68, 74, 75, 100, 157; d = 1, 75; e = 154, 161 − 163; f = 154, 162, 163; h = 154, 163;
g = 154, 162, 163.
In turn, the same components from the η0-dependent part of |χ1〉(s)3 , i.e. in |χ10〉(s)3 should
be gauged away as ones in the vector |χ2〉(s)3 . Therefore the only vector φ201|µ in the vector
|φ201〉(1,0,0) of η0- dependent components from |χ2〉(s)3 survives.
Not presenting here explicitly a whole system of linear equations on the components (which
should be vanished) of |χ1〉(s)3 to be easily derived from the standard gauge transformations
given by the Eqs. (6.24), (6.25), namely, δ|χ1〉(s)3 = Q(s)3|χ2g〉(s)3 , we list the results of its
Lorentz-covariant resolution.
First, the corresponding gauge transformations for η0-dependent parameters in |χ10〉(s)3 has
the same form as ones for |χ2g〉(s)3 with only opposite sign ” − ” due to anticommuting η0-
multiplier and with addition of the terms proportional to d’Alamberian ””,
δφ′′′101|µ,ν = i∂νφ
2
01|µ +φ′′′21|µ,ν , δφ1016|µ,ν = −i∂νφ201|µ +φ216|µ,ν , (6.37)
δφ1056|µν =
i
2
∂{νφ
2
01|µ} +φ256|µν , δφ102 = −i∂µφ201|µ +φ22.
Second, from the resolution of this system it follows the relations
φ256|µν = −
1
2
φ216|{µ,ν} and φ
′′′2
1|µ,ν = −φ216|µ,ν . (6.38)
Third, all the component second level parameters from the vector |χ2g〉(s)3 must be used (as the
solution of this system) to gauge away above components from |χ1〉(s)3 except for the rest gauge
parameters of the second level φ201|µ, φ
2
11|µ, φ
2
12, φ
2
13|µ, φ
′2
13|µ, φ
2
14, φ
2
15, φ
2
18|µ, φ
2
19, φ
2
48|µ, φ
′2
48|µ, φ
2
49|µ,
φ254|µ, φ
2
70|µ, φ
2
102|µ and gauge dependent φ
′′′2
1|µ,ν , φ
2
16|µ,ν , φ
2
56|µν φ
2
2.
However, we have the residual gauge transformations on the not gauge-fixed (due to (6.36))
components in |χ1〉(s)3 to be obtained from the same general relation, δ|χ1〉(s)3 = Q(s)3|χ2g〉(s)3 ,
δφ120 =
1
2
φ216|µ,
µ − 1
2
φ22 − φ215, δφ112 = φ215 − φ212, (6.39)
δφ18 = −φ214, δφ′18 = φ212 + φ214, (6.40)
δφ117|µ = i∂
νφ216|ν,µ − i∂µφ22 − φ218|µ, δφ′117|µ = φ218|µ, (6.41)
δφ118|µ = φ
2
01|µ + i∂
νφ216|µ,ν − φ218|µ, δφ17|µ = −φ201|µ + i∂νφ′′′21|µ,ν − φ2102|µ, (6.42)
δφ176|µ = −φ201|µ + i∂µφ22 + 2i∂νφ256|µν , δφ119 = φ219 − φ214, (6.43)
δφ′12|µ = −φ211|µ + φ213|µ, δφ12|µ = i∂νφ′′′21|ν,µ + i∂µφ22 − φ213|µ, (6.44)
δφ′′12|µ = −φ′213|µ, δφ′′′12|µ = φ211|µ + φ′213|µ, (6.45)
δφ172|µ = i∂µφ
2
15 + φ
2
49|µ − φ248|µ + 12φ213|µ, δφ171|µ = i∂µφ214 − φ248|µ + φ′248|µ, (6.46)
δφ′171|µ = −φ′248|µ, δφ′172|µ = −φ249|µ − φ′248|µ + 12φ′213|µ, (6.47)
δφ152|µ = φ
2
54|µ + φ
2
48|µ, δφ
′1
52|µ = −φ254|µ + φ′248|µ, (6.48)
δφ197|µ = −φ270|µ + φ248|µ − φ213|µ, δφ′197|µ = φ270|µ + φ′248|µ − φ′213|µ, (6.49)
δφ173|µ = φ
2
102|µ + 2φ
2
49|µ. (6.50)
Now, we may remove the fields φ18, φ
′1
8 , φ
1
12, φ
1
19, φ
′1
17|µ, φ
′1
2|µ − φ′′′12|µ, φ171|µ, φ173|µ, φ′171|µ and φ′1m|µ for
m = 72, 52, 97 by means of φ2n, n = 14, 12, 15, 19, φ
2
18|µ, φ
2
13|µ, φ
′2
13|µ, φ
2
11|µ, φ
2
48|µ, φ
′2
48|µ, φ
2
102|µ and
φ2l|µ for l = 49, 54, 70.
22
For the surviving in (6.39)–(6.50) components from the vectors |φ1d〉(s)3 , for d = 2, 11, 17, 20,
76, 77, we have the gauge transformations
δφ12|µ = i∂µφ
2
2 + i∂
νφ′′′21|ν,µ, δφ
1
7|µ = −φ201|µ + i∂νφ′′′21|µ,ν , (6.51)
δφ117|µ = i∂
νφ216|ν,µ − i∂µφ22, δφ120 = 12φ216|µ,µ − 12φ22, (6.52)
δφ176|µ = −φ201|µ + i∂µφ22 + 2i∂νφ256|µν , δφ111 = 12φ′′′21|µ,µ + 12φ22, (6.53)
δφ177 = φ
2
56|µ
µ + φ22. (6.54)
From the relations (6.51), (6.53) we may gauge away the first level parameters φ17|µ and φ
1
11
expressing the rest free second level parameters φ22, φ
2
01|µ in terms of independent tensor φ
′′′2
1|µ,ν
as,
φ22 = −φ′′′21|µ,µ, φ201|µ = i∂νφ′′′21|µ,ν . (6.55)
Summarizing, the final gauge transformations for the first level gauge parameters reads as
follows,
δφ
(vi)1
1|µ,ν,ρ = i∂νφ
′′′2
1|µ,ρ − i∂ρφ′′′21|µ,ν , δφ12|µ = −i∂µφ′′′21|ν,ν + i∂νφ′′′21|ν,µ, (6.56)
δφ175|µν,ρ = −
i
2
∂{νφ′′′21|µ},ρ +
i
2
∂ρφ
′′′2
1|{µ,ν}, δφ
1
100|µν,ρ =
i
2
∂{νφ′′′21|µ},ρ − i2∂ρφ′′′21|{µ,ν}, (6.57)
δφ117|µ = i∂µφ
′′′2
1|ν,
ν − i∂νφ′′′21|ν,µ, δφ176|µ = i∂νφ′′′21|ν,µ − i∂µφ′′′21|ν,ν , (6.58)
and for η0-dependent terms from (6.37) due to Eqs. (6.38), (6.55) as
δφ′′′101|µ,ν = −∂ν∂ρφ′′′21|µ,ρ +φ′′′21|µ,ν , δφ1016|µ,ν = ∂ν∂ρφ′′′21|µ,ρ −φ′′′21|µ,ν , (6.59)
δφ1056|µν = −12∂{ν∂ρφ′′′21|µ},ρ + 12φ′′′21|{µ,ν}, δφ102 = ∂µ∂νφ′′′21|µ,ν −φ′′′21|µ,µ. (6.60)
Note, the only 2-rank tensor φ′′′21|µ,ν left in the second level vector |χ2g〉(s)3 , and, the structure of
first level vector |χ1〉(s)3 (D.26) is simplified to the reduced vector |χ1g〉(s)3 having the contents
as in (D.26) but without the componets which have been gauged due to general gauge (6.36)
and after resolution of the equations (6.39)–(6.54).
Let us turn to the gauge transformation for the fields.
6.3.2 Gauge transformations for the fields
For the dependent field vector |χ〉(s)3 the conditions (6.5), (6.6) allow one, first, to extract the
dependence on the ghost variables as it was given in the Appendix 6.3 by the Eqs.(D.31), whose
componets are determined by the relations (D.7)–(D.15), (D.17)–(D.25), (D.27)–(D.30) but for
zeroth level vector and by the Eqs.(D.32)–(D.34). The general gauge conditions (C.21) applied
for k = 3 and l = 11 have the form for |χ〉(s)3 ,(
b11P+11, b12
2∏
i
P+1i, b13
3∏
i
P+1i, b22
3∏
i
P+1iP+22, b23
3∏
i
P+1iP+22P+23,
)
|χ〉(s)3 = 0, (6.61)
(
d12
3∏
i≤j
P+ijλ+12, d13
3∏
i≤j
P+ijλ+12λ+13, d23
3∏
i≤j
P+ijλ+12λ+13λ+23
)
|χ〉(s)3 = 0.
Eqs. (6.61) lead, first, to vanishing of all the component functions, from the vector |Ψ〉2,1,1
(D.32) with except for initial tensor Φµν,ρ,σ. Second, it leads to vanishing of the fields con-
taining auxiliary oscilators b+ij, d
+
rs in the vectors |φ1〉··· – |φ7〉···, |φ9〉··· – |φ12〉···, |φn〉··· for
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n = 14, 16, 18, 20, 22, 49, 50, 53, 59, 61, 63, 66−68, 70, 71, 73, 74, 76−80, 82−84, 92, 96, 98, 101−
103, 105, 145, 154, 159, 162−170, 178−189. As we have already discussed above the peculiarities
of the gauge-fixing of η0-dependent part of |χ10〉(s)3 , the same components from |χ0〉(s)3 should
be gauged away as ones in the η0-independent part of the vector |χ1〉(s)3 .
Following to the procedure developing in the previous subsection we wiil not write down
explicitly the whole system of linear equations on the components (which should be vanished)
from |χ〉(s)3 to be easily derived from the standard gauge transformations given by the first
relations in the Eqs. (6.24), i.e. by δ|χ〉(s)3 = Q(s)3|χ1g〉(s)3 . Let us only demonstrate the results
of its Lorentz-covariant resolution.
First, the only tensors φ
(vi)
01|µ,ν,ρ, φ02|µ, φ075|µν,ρ, φ0100|µν,ρ, φ017|µ, φ076|µ in the η0- dependent
components from |χ〉(s)3 survives. Their gauge transformations have the analogous form as
ones for |χ1g〉(s)3 with only opposite sign ”−” due to anticommuting of η0-multiplier and adding
of the terms proportional to d’Alamberian ””,
δφ
(vi)
01|µ,ν,ρ = −i∂νφ′′′101|µ,ρ + i∂ρφ′′′101|µ,ν +φ(vi)11|µ,ν,ρ, (6.62)
δφ02|µ = i∂µφ
′′′1
01|ν,
ν − i∂νφ′′′101|ν,µ +φ12|µ, (6.63)
δφ075|µν,ρ =
i
2
∂{νφ′′′101|µ},ρ −
i
2
∂ρφ
′′′1
01|{µ,ν} +φ175|µν,ρ, (6.64)
δφ0100|µν,ρ = − i2∂{νφ′′′101|µ},ρ + i2∂ρφ′′′101|{µ,ν} +φ1100|µν,ρ, (6.65)
δφ017|µ = −i∂µφ′′′101|ν,ν + i∂νφ′′′101|ν,µ +φ117|µ, (6.66)
δφ076|µ = −i∂νφ′′′101|ν,µ + i∂µφ′′′101|ν,ν +φ176|µ. (6.67)
Besides, the relations like (6.38), (6.55) hold
φ1056|µν = −
1
2
φ1016|{µ,ν} and φ
′′′1
01|µ,ν = −φ1016|µ,ν , and φ102 = −φ′′′101|µ,µ. (6.68)
Second, the resolution of the system implies the expression of the tensors φ175|µν,ρ, φ
1
100|µν,ρ,
φ′′′101|µ,ν and vectors φ
1
17|µ, φ
1
2|µ in terms of one first level tensor components φ
(vi)1
1|µ,ρ,ν as follows,
1
2
φ
(vi)1
1|{µ,ρˆ,ν} = −φ1100|µν,ρ,
(
φ
(vi)1
1|µ,{ν,ρ} = 0 =⇒ φ(vi)11|µ,[ν,ρ] 6= 0
)
and
1
2
φ
(vi)1
1|{µ,ν},ρ = −φ175|µν,ρ, (6.69)
φ
(vi)1
1|ν,µ,
ν = φ117|µ, φ
(vi)1
1|ν,
ν
,µ = φ
1
2|µ, i∂
ρφ
(vi)1
1|µ,ν,ρ = φ
′′′1
01|µ,ν , (6.70)
where the sign ”ˆ” in φ
(vi)1
1|{µ,ρˆ,ν} means the absence of symmetry with respect to index ρ and the
second relation in (6.69) implies that tensor φ
(vi)1
1|µ,ν,ρ is by the antisymmetric in the last indices.
Third, all the component first level parameters from the vector |χ1g〉(s)3 should be used (as
the solution of this system) to gauge away following from the gauge (6.61) components from
|χ〉(s)3 except for the rest gauge parameters φ118|µ, and gauge dependent φ(vi)11|µ,ν,ρ, φ176|µ.
Fourth, we have the residual gauge transformations on the not gauge-fixed (due to (6.61))
components in |χ〉(s)3 to be obtained from the same general relation, δ|χ〉(s)3 = Q(s)3|χ1g〉(s)3 .
So, from the gauge transformations for the fields φ8|µ, φ104|µ
δφ8|µ =
1
2
φ118|µ, δφ104|µ = −φ1100|µν,ν −
1
2
φ176|µ −
1
2
φ118|µ. (6.71)
we find, that fields φ8|µ, φ104|µ are removed by means of the vector φ
1
18|µ and the relation
φ176|µ = −2φ1100|µν,ν =⇒ φ176|µ =
1
2
φ
(vi)1
1|
ν
,[ν,µ]. (6.72)
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Finally, we may write down all the gauge transformations which contain the only surviving
tensors φ
(vi)1
1|µ,[ν,ρ], φ
1
2|µ, φ
1
17|µ, φ
1
100|µν,ρ, φ
1
75|µν,ρ, φ
1
76|µ, φ
′′′1
01|µ,ν where the latter ones are expressed
due to Eqs. (6.69), (6.70), (6.72) in terms of the components of single tensor φ
(vi)1
1|µ,[ν,ρ] as follows
δΦµν,ρ,σ = − i4∂{µφ(vi)11|ν},[ρ,σ] + i4∂ρφ(vi)11|{µ,[ν},σ] + i4∂σφ(vi)11|{µ,[ρˆ,ν]}, (6.73)
δφ
(v)
1|µ,ν =
i
2
∂µφ
(vi)1
1|
ρ
,[ρ,ν] +
i
2
∂νφ
(vi)1
1|
ρ
,[µ,ρ] − i2∂ρφ(vi)11|ρ,[µ,ν], (6.74)
δφ′′′76|µ,ν =
i
2
∂νφ
(vi)1
1|
ρ
,[ρ,µ] − i2∂µφ(vi)11| ρ,[ρ,ν] + i2∂ρφ(vi)11|ρ,[µ,ν], (6.75)
δφ101|µ,ν = −
(
i
2
∂νφ
(vi)1
1|
ρ
,[ρ,µ] − i2∂µφ(vi)11| ρ,[ρ,ν] + i2∂ρφ(vi)11|ρ,[µ,ν]
)
, (6.76)
and for η0-dependent terms in field vector |χ〉(s)3 derived from the Eqs. (6.62)–(6.67)
δφ
(vi)
01|µ,ν,ρ = −12∂[ρ∂σφ(vi)11|µ,[ν],σ] + 12φ(vi)11|µ,[ν,ρ], (6.77)
δφ02|µ = −12∂µ∂ρφ(vi)11| ν ,[ν,ρ] + 12∂ν∂ρφ(vi)11|ν,[µ,ρ] + 12φ(vi)11| ν ,[ν,µ], (6.78)
δφ075|µν,ρ = −14∂{ν∂σφ(vi)11|µ},[ρ,σ] + 14∂ρ∂σφ(vi)11|{µ,[ν},σ] − 14φ(vi)11|{µ,[ν},ρ], (6.79)
δφ0100|µν,ρ =
1
4
∂{ν∂σφ
(vi)1
1|µ},[ρ,σ] − 14∂ρ∂σφ(vi)11|{µ,[ν,σ] + 14φ(vi)11|{µ,[ν},ρ], (6.80)
δφ017|µ =
1
2
∂µ∂
ρφ
(vi)1
1|
ν
,[ν,ρ] − 12∂ν∂ρφ(vi)11|ν,[µ,ρ] − 12φ(vi)11| ν ,[ν,µ], (6.81)
δφ076|µ = −12∂µ∂ρφ(vi)11| ν ,[ν,ρ] + 12∂ν∂ρφ(vi)11|ν,[µ,ρ] + 12φ(vi)11| ν ,[ν,µ]. (6.82)
The gauge transformations for only independent (because of the Eqs. (6.68)) gauge parameters
φ
(vi)1
1|ρ,[µ,ν] now reduce to the final answer
δφ
(vi)1
1|µ,[ν,ρ] = 2i∂[νφ
′′′2
1|µ,ρ] and δφ
′′′2
1|µ,ρ = −i∂ρφ31|µ]. (6.83)
The structure of the gauge parameter |χ1g〉(s)3 now is completely determined, whereas the field
vector |χ〉(s)3 is reduced to |χg〉(s)3 which has the same structure as in (D.31) but with sighnif-
icantly less number of components. For instance, gauged vector |Ψg〉(2,1,1) contains only initial
tensor, |Φ〉(2,1,1) = a+µ1 a+ν1 a+ρ2 a+σ3 |0〉Φµν,ρ,σ and |χ0|g〉(s)3 has the same structure as |χ1g〉(s)3 .
Let us turn to the removing of the rest auxiliary fields in the field vector |χg〉(s)3 by means
of the resolution of the part of the equations of motion.
6.3.3 Gauge-invariant unconstrained Lagrangian
Now, we should find the result of the BRST operator Q action on the gauged field vector
|χg〉(s)3 , in order to solve algebraic equations of motion from the last general relation (6.23),
i.e., Q|χg〉(s)3 = 0. We start from the obvious consequences that, all the fields |φn〉(s)3 , for
n = 26, . . . , 42, 85, . . . , 90 and n = 106, 108, . . . , 161, 190 with P+ij multipliers should vanish
except for the already gauged scalars φ144−φ146, φ154, φ159 (as in case of gauge fixing procedure
for |χ〉(s)3). Second, we resolve η0-dependent part of the equations as it have already done for
the gauge vector |χ1g〉(s)3 and find(
φ
(vi)
01|µ,{ν,ρ} = 0 =⇒ φ(vi)01|µ,[ν,ρ] 6= 0
)
, φ076|µ =
1
2
φ
(vi)
01|
ν
,[ν,µ],
1
2
φ
(vi)
01|
ν
,[µ,ν] = φ017|µ, (6.84)
1
2
φ
(vi)
01|{µ,[ρˆ,ν]} = φ0100|µ[ρ,ν],
1
2
φ
(vi)
01|
ν
,[ν,µ] = φ02|µ, ,
1
2
φ
(vi)
01|{µ,[ν},ρ] = −φ075|µ[ν,ρ]. (6.85)
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Therefore, the only gauge transformations (6.77) for the independent field φ
(vi)
01|µ,[ν,ρ] remains and
are written as,
δφ
(vi)
01|µ,[ν,ρ] = −∂[ρ∂σφ(vi)11|µ,[ν],σ] +φ(vi)11|µ,[ν,ρ]. (6.86)
Then, from the system of the η0-independent part of the Lagrangian equations of motion,
Q|χg〉(s)3 = 0, considered for the linear terms in ghost CI , then in third PKCICJ and finally,
in the fifth PK1PK2CICJCK powers in ghost we get the set of equations, which permits to
completely remove the rest auxiliary (gauge-independent) fields in |χg〉(s)3 :
φ′′1|µν , φ
(iv)
1|µν , φ
(6)
1|µ,ν , φ2|µ,ν , φ
′′′
2|µ,ν , φ6|µ, φ13, φ15|µ − φ17|µ, φ21, φ23, φ24|µ, φ43|µ, φ44|µ, (6.87)
φ45 − φ48, φ′45, φ49|µν − φ51|µν , φ′51|µ,ν , φ52, φ53|µν , φ54, φ55|µ − φ58|µ, φ′57|µ, φ60|µ, φ62,
φ64, φ66|µ, φ69, φ70|µν , φ70|µ,ν , φ72, φ73|µν , φ74|µ, φ75|µ, φ78|µν , φ79|µ, φ
′′
79|µ, φ81|µ, φ83|µνρ,
φ84|µνρ, φ
′
84|µν,ρ, φ
′′
84|µ,νρ, φ91, φ92|µν , φ93|µ, φ94, φ95|µ, φ97, φ98|µν , φ99, φ100|µ, φ102|µν ,
φ103|µ, φ104|µ, φ105|µνρ, φ107, φ162|µν,ρ, φ164|µνρ, φ165|µν − φ′′′165|µ,ν , φ166|µν , φ167|µν , φ169|µνρσ,
φ170|µνρσ, φ170|µνρ,σ, φ171|µ, φ172|µν , φ173|µ, φ
′
173|µ, φ174|µ, φ175|µνρ, φ176|µ, φ177, φ178|µν ,
φ179|µνρ, φ179|µν,ρ, φ180|µνρ, φ182|µν , φ183|µνρσ, φ184|µνρ − φ′′184|µ,νρ, φ185|µνρ, φ185|µν,ρ,
φ′186|µ,ν , φ189|µνρσ, φ189|µνρ,σ
16
and to derive the relations
Φµν,{ρ,σ} = 0 =⇒ Φµν,[ρ,σ] 6= 0, Φ{µν,ρ},σ = 0, Φ{µν,σˆ,ρ} = 0, (6.88)
Φρρ,µ,ν = φ
(v)
1|µ,ν , Φ
ρ
µ,ρ,ν =
1
2
φ′′′76|µ,ν , Φ
ρ
µ,ν,ρ =
1
2
φ101|µ,ν (6.89)(
φ′′′76|µ,ν = −φ101|µ,ν , φ(v)1|ν,µ = −φ101|µ,ν , φ(v)1|{µ,ν} = 0
)
=⇒ φ(v)1|[µ,ν] = φ101|[µ,ν] = φ′′′76|[ν,µ], (6.90)
i∂νφ
(v)
1|µ,ν = −φ017|µ. (6.91)
From the equations at η+1 (in Q|χg〉(s)3 = 0) we may to express the fields φ(vi)01|µ,[ν,ρ] in terms of
only initial tensor Φµν,[ρ,σ]. To do this, we with using of the following from the Eqs. (6.88)–(6.90)
expressions for φ′′′76|µ,ρ, φ
(v)
1|ν,ρ, φ101|ν,ρ
Φρρ,[µ,ν] = φ
(v)
1|[µ,ν], Φ
ρ
[µ,[ρ,ν]] = φ
′′′
76|[µ,ν], Φ
ρ
[µ,[ν],ρ] = φ101|[µ,ν], (6.92)
find
φ
(vi)
01|µ,[ν,ρ] = −i∂νΦσ [µ,[σ,ρ]] − i∂µΦσσ,[ν,ρ] − i∂ρΦσ [µ,[ν],σ] + 2i∂σΦµσ,[ν,ρ]. (6.93)
The set of the relations 6.84, 6.85 (6.92), (6.93) together with one independent Young symmetry
condition from the Eqs.(6.88) for nonvanishing components Φµσ,[ν,ρ]:
Φ{µν,[ρ},σ] = 0, (6.94)
permit to express all the rest components from |χg〉(s)3 in terms of only initial tensor Φµσ,[ν,ρ].
This tensor due to the property (6.94) is doubly traceless. Note, that equivalently, we may
work with the tensor Φ̂µν,[ρ,σ],
Φ̂µν,[ρ,σ] ≡ Φµν,[ρ,σ] − 1
2
Φ[ρµ,[ν,σ]] − 1
2
Φµ[ρ,[µ,σ]] (6.95)
16all the rest component fields in |χ〉(s)3 was gauged away within the procedure described in the Subsec-
tion 6.3.2 except for the fields with nontrivial gauge transformations in (6.73)–(6.76)
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which satisfies to the Eq.(6.94) identically.
The corresponding field vector |χg〉(s)3 reduces to the form of |χf〉(s)3 , (|χf〉(s)3 = |χfb〉(s)3 +
η0|χ0f〉(s)3),
|χf〉(s)3 = |Φ〉(2,1,1) + P+1 η+1 |φ1|f〉(0,1,1) + P+2 η+1 |φ76|f〉(1,0,1) + P+3 η+1 |φ101|f〉(1,1,0) (6.96)
+ η0
[
P+1
{
|φ01|f〉(1,1,1) − η+1
(
P+2 |φ02|f〉(0,0,1) + P+3 |φ017|f〉(0,1,0)
)}
+ P+2
{
|φ075|f〉(2,0,1) + P+3 η+1 |φ076|f〉(1,0,0)
}
+ P+3 |φ0100|f〉(2,1,0)
]
,
where all the vectors |φ...|f〉(s)3 are expressed in terms of only components of Φµσ,[ν,ρ]. So, the
vectors |φ0n|f〉(s)3 have the structure,
φ0100|µ[ρ,ν] = i∂
σΦ{µσ,[ρ,ν}] − i
2
∂{νΦσµ},[ρ,σ] − i
2
∂{µΦσσ,[ρ,ν}] +
i
2
∂{µΦσρ,[ν},σ], (6.97)
φ076|µ =
i
2
∂ρ
(
Φσρ,[σ,µ] − Φσσ,[ρ,µ]
)
, φ076|µ = φ02|µ = −φ017|µ, (6.98)
φ0100|µ[ρ,ν] = −φ075|µ[ρ,ν].
Corresponding bra-vector (s)3〈χf | from dual Fock space reads as,
(s)3〈χf | = (2,1,1)〈Φ|+ (0,1,1)〈φ1|f |η1P1(1,0,1) + (1,0,1)〈φ76|f |η1P2 + (1,1,0)〈φ101|f |η1P3 (6.99)
+
[{
(1,1,1)〈φ01|f | −
(
(0,0,1)〈φ02|f |P2 + (0,1,0)〈φ017|f |P3
)
|η1
}
P1
+
{
(2,0,1)〈φ075|f |+ (1,0,0)〈φ076|η1P3
}
P2 + (2,1,0)〈φ0100|f |P3
]
η0,
where, for instance, bra-vector (2,1,1)〈Φ| has the form,
(2,1,1)〈Φ| = 1
2
Φµν,[ρ,σ]〈0|aµ1aν1aρ2aσ3 . (6.100)
Then the relation (6.26) with account for K(2,1,1) = 1 on Fock space H
⊗Hgh gives the
following action for (s)3 = (2, 1, 1),
S(s)3 = (s)3〈χfb|
{
l0|χfb〉(s)3 −∆Q|χ0f〉(s)3
}
− (s)3〈χ0f |
{
∆Q|χfb〉(s)3 −
∑
i
η+i ηi|χ0f〉(s)3
}
.(6.101)
Explicitly Lagrangian looks in terms of the tensor Φµν,[ρ,σ] and all the auxiliary fields (which
should be then expressed in terms of only Φµν,[ρ,σ]) as17,
L(2,1,1) = 1
2
Φµν,[ρ,σ]Φµν,[ρ,σ] − 1
4
φˆ
(v)
1
[µ,ν]φˆ(v)1|[µ,ν] +
1
4
Φµν,[ρ,σ]
{
∂{µφˆ
(vi)
01|ν},[ρ,σ] + 2∂ρφˆ075|µ[ν,σ](6.102)
+2∂σφˆ0100|µ[ν,ρ]
}
− 1
2
φˆ
(v)
1
[µ,ν]
{
∂µφˆ02|ν + ∂νφˆ017|µ +
1
2
∂ρφˆ
(vi)
01|ρ,[µ,ν]
}
−1
4
φˆ
(vi)
01
µ,[ν,ρ]
{
∂µφˆ
(v)
1|[ν,ρ] + ∂νφˆ
′′′
76|[µ,ρ] + ∂ρφˆ101|[µ,ν] + 2∂
σΦσµ,[ν,ρ] + φˆ
(vi)
01|µ,[ν,ρ]
}
+
1
4
{
φˆ′′′76
[µ,ν] − φˆ101[µ,ν]
}
∂ρφˆ
(vi)
01|µ,[ρ,ν] +
1
2
{
φˆµ02 − φˆµ017
}
∂ρφˆ
(v)
1|[ρ,µ] + φˆ
µ
02φˆ02|µ + φˆ
µ
017φˆ017|µ,
−1
2
φˆ075
µ[ν,σ]
{
φˆ075|µ[ν,σ] + ∂ρΦµν,[ρ,σ]
}
− 1
2
φˆ0100
µ[ν,σ]
{
φˆ0100|µ[ν,σ] + ∂ρΦµν,[σ,ρ]
}
.
17in order to provide reality of the Lagrangian due to sign ”-” in the commutation relations, [aµi , a
+ν
j ] =
−ηµνδij , we should later to connect with each of the Lorentz index the imaginary unit for the vector, sec-
ond, third, fourth and so on rank tensors by the rule, φµ1,...,µn → ınφˆµ1,...,µn , so that φµ,ν,ρ,σ = φˆµ,ν,ρ,σ,
φµ,ν,ρ = −ıφˆµ,ν,ρ, φµ,ν = −φˆµ,ν , φµ = ıφˆµ and must change the corresponding signs in all above formulas with
components with writing the hat ”ˆ” over the fields
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Finally,
L(2,1,1) = 1
2
Φµν,[ρ,σ]
{
Φµν,[ρ,σ] + ∂{µ
[
∂ρΦ
τ
[ν},[τ,σ]] + ∂ν}Φτ τ,[ρ,σ] + ∂σΦτ [ν},[ρ],τ ] (6.103)
−2∂τΦν}τ,[ρ,σ]
]
+ 2∂ρ
[
∂{µΦτ τ,[σ,ν}] + ∂{νΦτ [µ},[σ],τ ] − 2∂τΦ{µτ,[σ,ν}]
]}
−1
4
Φτ
τ,[µ,ν]
{
Φσσ,[µ,ν] − 2∂ν∂ρ
[
Φσσ,[ρ,µ] − Φσρ,[σ,µ]
]}
−2Φσ [µ,[σ,ν]]∂ρ∂τΦµτ,[ρ,ν] − Φσσ,[µ,ν]∂ρ∂τΦρτ,[µ,ν] + 2Φµν,[ρ,σ]∂ν∂τΦµτ,[ρ,σ]
+
1
2
Φσ
µ
,
[σ,ν]∂µ∂
ρ
{
Φτ ρ,[τ,ν] − Φτ τ,[ρ,ν]
}
.
The Lagrangian (6.103) is invariant with accuracy up to total derivative with respect to the
gauge transformations
δΦµν,[ρ,σ] = −12∂{µφ(vi)11|ν},[ρ,σ] + 12∂ρφ(vi)11|{µ,[ν},σ] + 12∂σφ(vi)11|{µ,[ρˆ,ν]}, (6.104)
where gauge transformations for the gauge parameters φ
(vi)1
1|ρ,[µ,ν] now reduce to the final form
with omitting the ”ˆ” over the gauge parameters
δφ
(vi)1
1|µ,[ν,ρ] = 2∂[νφ
′′′2
1|µ,ρ] and δφ
′′′2
1|µ,ρ = −∂ρφ31|µ]. (6.105)
Thus, we have obtained the gauge-invariant Lagrangian (6.103) in terms of only initial
free massless mixed-symmetric tensor field Φµν,[ρ,σ]. The resulting theory is the second-stage
reducible gauge theory. The formulae (6.103)–(6.105) present our basic result in the Section 6.3.
The case of massive tensor field of spin (2, 1, 1) maybe explicitly derived from the Eqs. (6.103)–
(6.105) by the dimensional reduction procedure.
7 Conclusions
In the given paper, we have constructed a gauge-invariant Lagrangian description of free integer
HS fields belonging to an irreducible representation of the Poincare group ISO(1, d − 1) with
the arbitrary Young tableaux having k rows in the “metric-like” formulation. The results of
this study are the general and obtained on the base of universal method which is applied by
the unique way to both massive and massless bosonic HS fields with a mixed symmetry in
a Minkowski space of any dimension. One should be noted the Lagrangians for the massive
arbitrary HS fields on a flat background have not been derived until now in “metric-like” and
“frame-like” formulations18.
We start from an embedding of bosonic HS fields into vectors of an auxiliary Fock space, we
treat the fields as coordinates of Fock-space vectors and reformulate the theory in such terms.
We realize the conditions that determine an irreducible Poincare-group representation with a
given mass and generalized spin in terms of differential operator constraints imposed on the
Fock space vectors. These constraints generate a closed Lie algebra of HS symmetry, which
contains, with the exception of k basis generators of its Cartan subalgebra, a system of first-
and second-class constraints. Above algebra coincides modulo isometry group generators with
its Howe dual sp(2k) symplectic algebra.
We demonstrate that the construction of a correct Lagrangian description requires a de-
formation of the initial symmetry algebra, in order to obtain from the system of mixed-class
18In principle, the massive theory can be obtained from massless by dimensional reduction. However, we
suggest that it will require the same amount of work as one for independent formulation.
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constraints a converted system with the same number of first-class constraints alone, whose
structure provides the appearance of the necessary number of auxiliary tensor fields with lower
generalized spins. We have shown that this purpose can be achieved with the help of an ad-
ditional Fock space, by constructing an additive extension of a sp(2k) symmetry subalgebra
which consists of the subsystem of second-class constraints alone and of the generators of the
Cartan subalgebra.
We have realized the Verma module construction [53] in order to obtain an auxiliary repre-
sentation in Fock space for the above algebra with second-class constraints. As a consequence,
the converted Lie algebra of HS symmetry has the same algebraic relations as the initial algebra;
however, these relations are realized in an enlarged Fock space. The generators of the converted
Cartan subalgebra contain linearly k auxiliary independent number parameters, whose choice
provides the vanishing of these generators in the corresponding subspaces of the total Hilbert
space extended by the ghost operators in accordance with the minimal BFV–BRST construc-
tion for the converted HS symmetry algebra. Therefore, the above generators, enlarged by the
ghost contributions up to the “particle number” operators in the total Hilbert space, covari-
antly determine Hilbert subspaces in each of which the converted symmetry algebra consists of
the first-class constraints alone, labeled by the values of the above parameters, and constructed
from the initial irreducible Poincare-group relations.
It is shown that the Lagrangian description corresponding to the BRST operator, which en-
codes the converted HS symmetry algebra, yields a consistent Lagrangian dynamics for bosonic
fields of any generalized spin. The resulting Lagrangian description, realized concisely in terms
of the total Fock space, presents a set of generating relations for the action and the sequence of
gauge transformations for given bosonic HS fields with a sufficient set of auxiliary fields, and
proves to be a reducible gauge theory with a finite number of reducibility stages, increasing
with the value of number of rows in the Young tableaux.
It is proved the fact that the solutions of the Lagrangian equations of motion (5.17) after
a partial gauge-fixing and resolution of the part of the equations of motion, correspond to
the BRST cohomology space with a vanishing ghost number, which is determined only by
the relations that extract the fields of an irreducible Poincare-group representation with a
given value of generalized spin. One should be noted the case of totally antisymmetric tensors
developed in Ref.[40] is contained in the general Lagrangian formulation for s1 = s2 = ... =
sk = 1, k = [d/2].
We demonstrated that the general procedure contains as the particular case the Lagrangian
formulation for the mixed-symmetry bosonic tensors subject to Young tableaux with two rows,
developed earlier in [32], [39], and derived in the first time the new unconstrained Lagrangian
formulation in (6.23)–(6.26) for the mixed-symmetry HS fields with three groups of symmetric
indices subject to Young tableaux with three rows. We applied the latter algorithm to get new
Lagrangian (6.103) and its reducible gauge symmetries (6.104), (6.105) for spin (2, 1, 1) massless
field in terms of only initial tensor of the fourth rank. Obtained result permits to immediatedly
enlarge the found Lagrangian formulation on to one for HS tensor of spin (2, 1, . . . , 1)) subject
to Young tableaux with k rows.
There are many directions for extensions of the results obtained in this paper. We point
out some of them. First, development of the analogous approach to fermionic HS fields with
arbitrary Young tableaux. Second, Lagrangian construction for bosonic and fermionic fields
with arbitrary index symmetry on AdS space. Third, derivation of component Lagrangians
for simple enough but new cases. Fourth, developing the unconstrained formulation for fields
with arbitrary Young tableaux analogously to component formulation with minimal number of
auxiliary fields given in [11] for totally symmetric fields which as well (as it have shown in [11])
can be derived from the obtained general Lagrangian formulation by means of partial gauge
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fixing procedure. We are going to study these problems in the forthcoming works.
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Appendix
A Additional parts construction for sp(2k) algebra
In this appendix, we describe the method of auxiliary representation construction (known for
mathematicians as Verma module [53]) for the symplectic algebra sp(2k) with second-class
constraints {o′a, o′+a } = {l′ij, , t′ij, l′+ij , t′+ij } and Cartan subalgebra elements g′i0 having in mind
the identification of sp(2k) elements and ones of HS symmetry algebra A(Y (k), R1,d−1) given
by the Eqs.(2.26).
Following to Poincare–Birkhoff–Witt theorem, we start to construct Verma module, based
on Cartan decomposition of sp(2k) (i ≤ j, l < m, i, j, l,m = 1, ..., k)
sp(2k) = {l′+ij , t′+lm} ⊕ {g′i0 } ⊕ {l′ij, t′lm} ≡ E−k ⊕Hk ⊕ E+k .19 (A.1)
Note, that in contrast to the case of totally-symmetric bosonic HS fields on R1,d−1 the
negative root vectors from E−k do not commute already for k ≥ 2 (see, Refs. [32], [39]). However,
we consider highest weight representation of the symplectic algebra sp(2k) with highest weight
vector |0〉V , which must annihilate by the positive roots Eαi ∈ E+k , and being by the proper
one for the Cartan elements gi0,
Eαi |0〉V = 0 gi0|0〉V = hi|0〉V . (A.2)
The general vector of Verma module V (sp(2k)) compactly written as, | ~N〉V , has the form in
terms of occupation numbers,| ~N〉V = |~nij, ~prs〉V ,
|~nij, ~prs〉V = |n11, ..., n1k, n22, ..., n2k, ..., nkk; p12, . . . , p1k, p23, . . . , p2k, . . . , pk−1k〉V , (A.3)
where the coordinates nij, prs mean the exponents of corresponding negative root vector E
−αi ∈
E−k , determined as
| ~N〉V ≡
k∏
i,j=1,i≤j
(
l′+ij
)
nij
k−1∏
r=1
[ k∏
s=r+1
(
t′+rs
)
prs
]
|0〉V , (A.4)
19we may consider sp(2k) in Cartan-Weyl basis for unified description, however without loss of generality the
basis elements and structure constants of the algebra under consideration will be chosen as in the table 1.
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and non-negative integers nij, prs. It is easy to obtain the result of the action of negative root
vectors, i.e. (l
′+
i′j′ , t
′+
r′s′) and Cartan generators, g
′i
0 on | ~N〉V
l′+i′j′ | ~N〉V =
∣∣∣ ~N + δi′j′,ij〉V , (A.5)
t′+r′s′ | ~N〉V = |~nij, ~prs + δr′s′,rs〉V −
r′−1∑
k′=1
pk′r′ |~nij, ~prs − δk′r′,rs + δk′s′,rs〉V (A.6)
−
k∑
k′=1
(1 + δk′r′)nr′k′
∣∣∣ ~N − δr′k′,ij + δs′k′,ij〉V 20 ,
g′0i| ~N〉V =
(∑
l
(1 + δil)nil −
∑
s>i
pis +
∑
r<i
pri + h
i
)∣∣∣ ~N〉V . (A.7)
In deriving, two last relations we have used the algebraic relations for sp(2k) from table 1 and
the formula for the product of operators A, B, n ≥ 0,
ABn =
n∑
k=0
n!
k!(n− k)!B
n−kadkBA , ad
k
BA = [[...[A,
k times︷ ︸︸ ︷
B}, ...}, B}, (A.8)
Second, the Eq.(A.8) permits to find both the identities,
l′l′m′
∣∣∣~0ij, ~prs〉V = 0 (A.9)
and the equation in acting of the positive root vectors t
′
l′m′ on the vector |~0ij, ~prs〉V (due to
non-commutativity of the negative root vectors t′+rs among each other) in the form,
t′l′m′ |~0ij, ~prs〉V =
∣∣∣C l′m′~prs 〉V − l′−1∑
n′=1
pn′m′
∣∣∣~0ij, ~prs − δn′m′,rs + δn′l′,rs〉V
+
m′−1∑
k′=l′+1
pl′k′
[ ∏
r′<l′,s′>r′
∏
r′=l′,m′>s′>r′
(
t′+r′s′
)
pr′s′−δl′k′,r′s′
]
t′k′m′
×
∏
q′=l′,t′≥m′
∏
q′>l′,t′>q′
(
t′+q′t′
)
pq′t′ |0〉V , (A.10)
where the vector
∣∣C l′m′~prs 〉V , l′ < m′, is determined as follows,∣∣∣C l′m′~prs 〉V = pl′m′(hl′ − hm′ − k∑
k′=m′+1
(pl′k′ + pm′k′) +
m′−1∑
k′=l′+1
pk′m′ − pl′m′ + 1
)
×
×
∣∣∣~0ij, ~prs − δl′m′,rs〉V + k∑
k′=m′+1
pl′k′
{∣∣∣~0ij, ~prs − δl′k′,rs + δm′k′,rs〉V
−
m′−1∑
n′=1
pn′m′
∣∣∣~0ij, ~prs − δl′k′,rs − δn′m′,rs + δn′k′,rs〉V }. (A.11)
20explicitly, for instance, the notation for the vectors
∣∣∣ ~N + δi′j′,ij〉V in the Eq.(A.5) means subject to definition
(A.3) increasing of only the coordinate nij in the vector | ~N〉V , for i = i′, j = j′, on unit with unchanged values
of the rest ones, whereas the vector |~nij , ~prs − δk′r′,rs + δk′s′,rs〉V implies increasing of the coordinate prs, for
r = k′, s = s′, on unit and decreasing on unit the coordinate prs, for r = k′, s = r′, with unchanged values of
the rest coordinates in | ~N〉V .
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The recurrent relation (A.10) maybe easily resolved so the solution has the form,
t′l′m′|~0ij, ~prs〉V =
m′−l′−1∑
p=0
m′−1∑
k′1=l′+1
. . .
m′−1∑
k′p=l′+p
p∏
j=1
pk′j−1k′j
∣∣∣∣Ck′pm′~prs−∑p+1j=1 δk′
j−1k′j ,rs
〉V
−
l′−1∑
n′=1
pn′m′
∣∣∣~0ij, ~prs − δn′m′,rs + δn′l′,rs〉V , k′0 ≡ l′. (A.12)
Therefore the final result for the action of t′l′m′ on a vector | ~N〉V maybe written as follows,
t′l′m′ | ~N〉V = −
k∑
k′=1
(1 + δk′m′)nk′m′|~nij − δk′m′,ij + δk′l′,ij, ~prs〉V
+
m′−l′−1∑
p=0
m′−1∑
k′1=l′+1
. . .
m′−1∑
k′p=l′+p
p∏
j=1
pk′j−1k′j
∣∣∣∣Ck′pm′~nij ,~prs−∑p+1j=1 δk′
j−1k′j ,rs
〉V
−
l′−1∑
n′=1
pn′m′ |~nij, ~prs − δn′m′,rs + δn′l′,rs〉V . (A.13)
Now, it is easy to derive the rest formulae for the positive root vectors l′l′m′ , for l
′ = m′, account
of the relations (A.9)
l′l′l′| ~N〉V = −
1
2
l′−1∑
k′=1
nk′l′
[
−
k′−1∑
n′=1
pn′l′ |~nij − δk′l′,ij, ~prs − δn′l′,rs + δn′k′,rs〉V
+
l′−k′−1∑
p=0
l′−1∑
k′1=k′+1
. . .
l′−1∑
k′p=k′+p
p∏
j=1
pk′j−1k′j
∣∣∣∣Ck′pl′~nij−δk′l′,ij ,~prs−∑p+1j=1 δk′
j−1k′j ,rs
〉V
−
k∑
n′=k′+1
(1 + δn′l′)nn′l′|~nij − δk′l′,ij − δn′l′,ij + δk′n′,ij, ~prs〉V
]
+nl′l′
(
nl′l′ − 1 +
∑
k′>l′
nk′l′ −
∑
s>l′
pl′s +
∑
r<l′
prl′ + h
l′
)∣∣∣ ~N − δl′l′,lm〉V
−1
2
k∑
k′=l′+1
nl′k′
[
|~nij − δl′k′,ij, ~prs + δl′k′,rs〉V
−
l′−1∑
n′=1
pn′l′ |~nij − δl′k′,ij, ~prs − δn′l′,rs + δn′k′,rs〉V
−
k∑
n′=k′+1
(1 + δn′l′)nn′l′
∣∣∣ ~N − δl′k′,lm − δl′n′,lm + δk′n′,lm〉V ]
+
1
2
k∑
k′=1,k′ 6=l′
nl′k′(nl′k′ − 1)
2
∣∣∣ ~N − 2δl′k′,lm + δk′k′,lm〉V , (A.14)
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and for l′ 6= m′,
l′l′m′
∣∣ ~N〉
V
= −1
4
m′−1∑
k′=1
(1 + δk′l′)nk′l′
[
−
k′−1∑
n′=1
pn′m′ |~nij − δk′l′,ij, ~prs − δn′m′,rs + δn′k′,rs〉V
+
m′−k′−1∑
p=0
m′−1∑
k′1=k′+1
. . .
m′−1∑
k′p=k′+p
p∏
j=1
pk′j−1k′j
∣∣∣∣Ck′pm′~nij−δk′l′,ij ,~prs−∑p+1j=1 δk′
j−1k′j ,rs
〉V
−
k∑
n′=k′
(1 + δn′m′)nn′m′|~nij − δk′l′,ij − δn′m′,ij + δk′n′,ij, ~prs〉V
]
−1
4
k∑
k′=m′+1
nl′k′
[
|~nij − δl′k′,ij, ~prs + δm′k′,rs〉V
−
m′−1∑
n′=1
pn′m′ |~nij − δl′k′,ij, ~prs − δn′m′,rs + δn′k′,rs〉V
−
k∑
n′=l′+1
(1 + δn′m′)nm′n′ |~nij − δl′k′,ij − δn′m′,ij + δk′n′,ij〉V
]
+
1
4
nl′m′
(
nl′m′ − 1 +
∑
k′>l′
(1 + δk′m′)nk′m′ +
∑
k′>m′
nl′k′ −
∑
s>l′
pl′s
−
∑
s>m′
pm′s +
∑
r<l′
prl′ +
∑
r<m′
prm′ + h
l′ + hm
′
)∣∣~nij − δl′m′,ij, ~prs〉V
−1
4
l′−1∑
k′=1
nk′m′
[
−
k′−1∑
n′=1
pn′l′ |~nij − δk′m′,ij, ~prs − δn′l′,rs + δn′k′,rs〉V
+
l′−k′−1∑
p=0
l′−1∑
k′1=k′+1
. . .
l′−1∑
k′p=k′+p
p∏
j=1
pk′j−1k′j
∣∣∣∣Ck′pl′~nij−δk′m′,ij ,~prs−∑p+1j=1 δk′
j−1k′j ,rs
〉V
−
k∑
n′=k′+1
(1 + δn′l′)nn′l′|~nij − δk′m′,ij − δn′l′,ij + δk′n′,ij, ~prs〉V
]
−1
4
k∑
k′=l′+1
(1 + δk′m′)nm′k′
[
|~nij − δm′k′,ij, ~prs + δl′k′,rs〉V
−
l′−1∑
n′=1
p n′l′ |~nij − δm′k′,ij, ~prs − δn′l′,rs + δn′k′,rs〉V
]
. (A.15)
So, the formulae (A.5)– (A.7), (A.13) – (A.15) completely solve the problem of auxiliary
representation (Verma module) construction for the symplectic sp(2k) algebra.
A.1 note on additional parts construction for massive HS fields
To solve the same problem as above described in the Appendix A, but for auxiliary repre-
sentation construction for HS symmetry massive algebra A(Y (k),R1,d−1) we may to enlarge the
Cartan decomposition (A.1) up to one for A(Y (k),R1,d−1). Then we could make all the same
steps again with only the fact, that the Cartan subalgebra would now contain the element l′0
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whereas the highest weight vector |0〉V and basis vector | ~Nm〉V of A(Y (k),R1,d−1) in addition
to definitions (A.2)–(A.4) determines as follows,
l′i|0〉V = 0 l′0|0〉V = m2|0〉V , (A.16)
| ~Nm〉V ∼
k∏
i
( l′+i
mi
)
ni | ~N〉V , (A.17)
for some parametes mi ∈ R+ of dimension of mass, so that central charge m2 in the initial
algebra A(Y (k),R1,d−1) will vanish in the converted algebra Ac(Y (k),R1,d−1) because of the
additive composition law
m2 →M2 = m2 +m′2 = 0, l0 → L0 = l0 + l′0 = l0 +m2, (A.18)
for the central elements m2,m′2 and Casimir operators l0, l′0 respectively of the original algebra
of oI and algebra of additional parts o
′
I .
B Oscillator realization of the additional parts in a new
Fock space
Following general Burdik’s result of Refs. [55] and making use of the mapping between basis
of Verma module for sp(2k) given by | ~N〉V (A.4) and one in new Fock space H′,
|~nij, ~prs〉V ↔ |~nij, ~prs〉 , |~nij, ~prs〉 =
k∏
i,j≥i
(
b+ij
)
nij
k∏
r,s,s>r
(
d+rs
)
prs |0〉 , (B.1)
where the vector |~nij, ~prs〉 , first, has the same structure as the vector | ~N〉V in the Eq.(A.3),
for nij, prs ∈ N0 and, second, appears by the basis vectors of a Fock space H′ generated by
new bosonic, b+ij, d
+
rs, bij, drs, i, j, r, s = 1, . . . , k; i ≤ j; r < s, creation and annihilation operators
with the only nonvanishing commutation relations
[bi1j1 , b
+
i2j2
] = δi1i2δj1j2 , [dr1s1 , d
+
r2s2
] = δr1r2δs1s2 , (B.2)
we can represent the action of the elements o′I on | ~N〉V given by the Eqs. (A.5)– (A.7), (A.13) –
(A.15) as polynomials in the creation operators of the Fock space H′. The only requirement on
the number of pairs of the above bosonic operators that it must coincides with one for pairs of
second-class constraints, i.e. with the numbers of negative (or positive) root vectors in Cartan
decomposition of sp(2k).
Finally, the oscillator realization of the elements o′I may be uniquely presented as follows,
for Cartan elements and negative root vectors,
g′i0 =
∑
l≤m
b+lmblm(δ
il + δim) +
∑
r<s
d+rsdrs(δ
is − δir) + hi , (B.3)
t′+lm = d
+
lm −
l−1∑
n=1
dnld
+
nm −
k∑
n=1
(1 + δnl)b
+
nmbln , (B.4)
l′+ij = b
+
ij , (B.5)
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for the elements l′lm of upper-triangular subalgebra E+k separately, for l = m and for l < m
l′ll =
1
4
k∑
n=1,n6=l
b+nnb
2
ln +
1
2
l−1∑
n=1
[n−1∑
n′=1
d+n′ndn′l +
k∑
n′=n+1
(1 + δn′l)b
+
nn′bn′l (B.6)
−
l−n−1∑
p=0
l−1∑
k1=n+1
. . .
l−1∑
kp=n+p
Ckpl(d+, d)
p∏
j=1
dkj−1kj
]
bnl
+
(
k∑
n=l
b+nlbnl −
∑
s>l
d+lsdls +
∑
r<l
d+rldrl + h
l
)
bll
−1
2
k∑
n=l+1
[
d+ln −
l−1∑
n′=1
d+n′ndn′l −
k∑
n′=n+1
(1 + δn′l)b
+
n′nbn′l
]
bln,
l′lm = −
1
4
m−1∑
n=1
(1 + δnl)
[
−
n−1∑
n′=1
d+n′ndn′m −
∑k
n′=n(1 + δn′m)b
+
n′nbn′m (B.7)
+
m−n−1∑
p=0
m−1∑
k1=n+1
. . .
m−1∑
kp=n+p
Ckpm(d+, d)
p∏
j=1
dkj−1kj
]
bnl
−1
4
k∑
n=m+1
[
d+mn −
m−1∑
n′=1
d+n′ndn′m −
∑k
n′=l+1(1 + δn′m)b
+
n′nbmn′
]
bln
+
1
4
( k∑
n=m
b+lnbln +
k∑
n=l+1
(1 + δnm)b
+
nmbnm −
∑
s>l
d+lsdls −
∑
s>m
d+msdms
+
∑
r<l
d+rldrl +
∑
r<m
d+rmdrm + h
l + hm
)
blm
−1
4
l−1∑
n=1
[
−
n−1∑
n′=1
d+n′ndn′l +
∑l−n−1
p=0
∑l−1
k1=n+1
. . .
∑l−1
kp=n+p
Ckpl(d+, d)
∏p
j=1 dkj−1kj
−
k∑
n′=n+1
(1 + δn′l)b
+
n′nbn′l
]
bnm − 1
4
k∑
n=l+1
(1 + δnm)
[
d+ln −
l−1∑
n′=1
d+n′ndn′l
]
bmn,
and for the ”mixed symmetry” elements t′lm,
t′lm = −
l−1∑
n=1
d+nldnm +
m−l−1∑
p=0
m−1∑
k1=l+1
. . .
m−1∑
kp=l+p
Ckpm(d+, d)
p∏
j=1
dkj−1kj (B.8)
−
k∑
n=1
(1 + δnm)b
+
nlbnm , k0 ≡ l,
where the vector
∣∣C lm~prs〉V , l < m given in (A.11), is transformed to the operator C lm(d, d+)
given by the Eq. (3.8).
Thus, we have obtained the expressions of the additional parts o′I(B,B
+) (3.2)–(3.7) for the
operator algebra sp(2k) given by the table 1.
Let us find an explicit expression for the operator K ′ used in the definition of the scalar
product (3.12) and given in an exact form in (3.14).
One can show by direct calculation that the following relation holds true:
V 〈~n′lm, ~p′rs |~nlm, ~prs〉V ∼
k∏
l=1
δ
∑
i(1 + δil)nil −
∑
i>l pli +
∑
i<l pil∑
i(1 + δil)n
′
il −
∑
i>l p
′
li +
∑
i<l p
′
il
. (B.9)
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For practical calculations for low values of sets of k numbers
(
∑
i
(1 + δi1)n1i −
∑
i>1
p1i,
∑
i
(1 + δi2)n2i −
∑
i>2
p2i + p12, ...,
∑
i
(1 + δik)nik +
∑
i<k
pik), (B.10)
with prt, nij being the numbers of “particles” associated with d
+
rt, b
+
ij for i ≤ j, r < t (where
d+rt reduces the spin number sr by one unit and increases the spin number st by one unit
simultaneously), the operator K ′ reads with use of normalization condition V 〈0|0〉V = 1
K ′ = |0〉〈0|+
∑
r<s
(hr − hs)d+rs|0〉〈0|drs +
∑
i≤j
(
hi(1 + 2δij) + hj
)
b+ij|0〉〈0|bij (B.11)
+
1
2
∑
l<i
(hi − hl)
(
b+ii |0〉〈0|blidli + b+lid+li0〉〈0|bii
)
+
1
4
∑
i<j
b+ij|0〉〈0|
(∑
l<i
bljdli(h
i − hl) + (1 + δli)
∑
l<j
(hj − hl)bildlj
)
+
1
4
∑
i<j
(∑
l<i
b+ljd
+
li |0〉〈0|(hi − hl) +
∑
l<j
b+ljd
+
li |0〉〈0|(1 + δli)(hj − hl)
)
bij + . . . .
The above expression for the operator K ′ may be used to construct LF for HS fields with low
value of spin.
Thus, we have found the auxiliary scalar representation of the symplectic algebra sp(2k) for
the additional parts of the constraints o′I in the new Fock space H′.
C Reduction to the initial irreducible relations
Here, we consider preferably massive case, making then comments on massless HS fields. We
show that the equations of motion (3.15), (2.3)–(2.5) [or equivalently (2.8), for l˜0 = l0 +m
2, and
(2.9)] can be obtained from the Lagrangian (5.21) after gauge-fixing and removing the auxiliary
fields by using a part of the equations of motion. Let us start with gauge-fixing.
C.1 Gauge-fixing
Let us consider the field |χl〉, for l = 1, ..., k(k+1), at some fixed values of the spin (n1, . . . , nk).
In this section we will omit the subscripts associated with the eigenvalues of the σi operators
(5.16). Then we extract dependence of Q (5.2) on zero-mode ghosts η0 and P0
Q = η0L0 + ı
∑
m
η+mη
mP0 + ∆Q (C.1)
∆Q = η+i L
i +
∑
l≤m
η+lmL
lm +
∑
l<m
ϑ+lmT
lm −
∑
i<l<j
(ϑ+ljϑ
+
i
l − ϑ+ilϑ+lj)λij (C.2)
−
∑
l<n<m
ϑ+lmϑ
l
nλ
nm +
∑
n<l<m
ϑ+lmϑn
mλ+nl −
∑
n,l<m
(1 + δln)ϑ
+
lmη
l+
nPmn
+
∑
n,l<m
(1 + δmn)ϑ
+
lmη
m
nP+ln + 1
2
∑
l<m,n≤m
η+nmη
n
lλ
lm
−
(1
2
∑
l≤m
(1 + δlm)η
mη+lm +
∑
l<m
ϑlmη
+m +
∑
m<l
ϑ+mlη
+m
)
P l +Herm.C.
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and do the same for the fields and gauge parameters
|χl〉 = |Sl〉+ η0|Bl〉. (C.3)
Then the equations of motion and gauge transformations (5.18)–(5.19) can be rewritten as
follows
δ|Sl−1〉 = ∆Q|Sl〉 −
∑
m
η+mη
m|Bl〉 δ|S−1〉 ≡ 0, (C.4)
δ|Bl−1〉 = L0|Sl〉 −∆Q|Bl〉 δ|B−1〉 ≡ 0, (C.5)
for l = 0, . . . , k(k + 1).
As the following step, we consider the lowest level gauge transformation
δ|Sk(k+1)−1〉 = ∆Q|Sk(k+1)〉, δ|Bk(k+1)−1〉 = L0|Sk(k+1)〉, (C.6)
where due to the ghost number restriction one has used that |Bk(k+1)〉 ≡ 0. Extracting explicitly
dependence of the gauge parameters and of the operator ∆Q (C.3) on η11, P+11 ghost coordinate
and momentum
|χl〉 = |χl0〉+ P+11|χl1〉, ∆Q = ∆Q11 + η11T+11 + U11P+11, (C.7)
where the quantities |χl0〉, |χl1〉, T+11, U11, ∆Q11 do not depend on η11, P+11 we obtain the
gauge transformation of |Sk(k+1)−10 〉 [with the same decomposition for |Sk(k+1)−1〉, |Sk(k+1)−1〉 =
|Sk(k+1)−10 〉 +P+11|Sk(k+1)−11 〉 as one for |χl〉 (C.7)]
δ|Sk(k+1)−10 〉 = T+11|Sk(k+1)1 〉. (C.8)
Here we have used that |Sk(k+1)0 〉 ≡ 0 due to the ghost number restriction. Since T+11 = L+11 +
O(C) = b+11+. . ., as it’s follows from the structure of ∆Q in Eq. (C.3), we can remove dependence
of |Sk(k+1)−10 〉 on b+11 operator using all the degrees of freedom of |Sk(k+1)1 〉. Therefore, after the
gauge fixing at the lowest level of the gauge transformations we have conditions on |Sk(k+1)−10 〉
b11|Sk(k+1)−10 〉 = 0 ⇐⇒ b11P+11|χk(k+1)−1〉 = 0, (C.9)
so that the theory became by the k(k + 1)− 1-reducible gauge theory.
Let us turn to the next level of the gauge transformation. Extracting explicit dependence
of the gauge parameters and ∆Q on η11, P+11, η12, P+12 and using similar arguments as at the
previous level of the gauge transformation one can show that the gauge on |χk(k+1)−2〉
b11P+11|χk(k+1)−2〉 = 0, b12P+11P+12|χk(k+1)−2〉 = 0. (C.10)
can be imposed. To obtain these gauge conditions all degrees of freedom of the gauge parameters
|χk(k+1)−1〉 restricted by the Eq.(C.9) have to be used.
Applying an above described procedure one can obtain step by step, first, for l = k(k+1)−3,
b11P+11|χl〉 = 0, b12P+11P+12|χl〉 = 0, b13
3∏
i
P+1i|χl〉 = 0. (C.11)
Then, for l = k(k + 1)− 4(
b11P+11, b12
2∏
i
P+1i, b13
3∏
i
P+1i, b14
4∏
i
P+1i
)
|χl〉 = 0. (C.12)
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Defining the set of the operators used in (C.9)–(C.12) by the rule,
[Al] =
(
b11P+11, ..., b1k
k∏
i
P+1i, . . . , bk−1k
k−1∏
i
P+ik
k−1∏
i,j=1,i≤j
P+ij , bkk
k∏
i,j=1,i≤j
P+ij
)
, l = 1, ..., k(k+1)
2
,(C.13)
(where, for instance (k + 1)-th component of the set [Al] is equal to Ak+1 = b22P+22
∏k
i P+1i)
we may rewrite equivalently gauge conditions (C.9)–(C.12) and all subsequent ones which are
based on the decomposition of the gauge parameters in all the ghost momenta P+ij , i ≤ j, as
follows,
[Al]|χk(k+1)−l〉 = 0, for l = 1, . . . , k(k + 1)
2
. (C.14)
Next, we apply the same procedure as above but starting from the gauge parameter |χ k(k+1)2 −1〉
and extract from it, from the operator ∆Q (C.3) of the ghost coordinates and momenta ηij,
P+ij , i ≤ j and η1, P+1 . As a result, we have obtained the set of the gauge conditions on the
parameter |χ k(k+1)2 −1〉, (
[A 12k(k+1)], b1P+1
k∏
i,j=1,i≤j
P+ij
)
|χ k(k+1)2 −1〉 = 0. (C.15)
Continue the process with ghosts η1, η2 P+1 , P+2 and so on extraction we obtain the k sets of
the gauge conditions on the parameters |χ k(k+1)2 −m〉, m = 1, . . . , k(
[A 12k(k+1)], b1P+1
k∏
i,j=1,i≤j
P+ij , b2
2∏
m
P+m
k∏
i,j=1,i≤j
P+ij
)
|χ k(k+1)2 −2〉 = 0, (C.16)
. . . . . . . . . . . . . . . . . . . . . . . . . . .(
[A 12k(k+1)], b1P+1
k∏
i,j=1,i≤j
P+ij , . . . , bk
k∏
m
P+m
k∏
i,j=1,i≤j
P+ij
)
|χ k(k−1)2 〉 = 0. (C.17)
At last, realizing the same algorithm as above but initiating from the gauge parameter |χ k(k−1)2 −1〉
and extract from it, from the operator ∆Q (C.3) of the ghost coordinates and momenta ηm,
P+m, ηij, P+ij , i ≤ j and ϑps, λ+ps, for p < s, we have obtained the 12k(k − 3) sets of the gauge
conditions on the parameter |χ k(k−1)2 −m〉, for m = 1, . . . , 1
2
k(k − 1)− 1(
[B 12k(k+3)], d12λ+12
k∏
m
P+m
k∏
i,j=1,i≤j
P+ij
)
|χ k(k−1)2 −1〉 = 0, (C.18)
. . . . . . . . . . . . . . . . . . . . . . . . . . .(
[B 12k(k+3)], d12λ+12
k∏
m
P+m
k∏
i,j=1,i≤j
P+ij , . . . , dk−2k
k−2∏
r
λ+rk
k−1∏
p,s=1,p<s
λ+ps
k∏
m
P+m
k∏
i,j=1,i≤j
P+ij
)
|χ1〉= 0.(C.19)
In the Eqs. (C.18), (C.19) the set of the operators [Bp] is determined from the Eqs. (C.17) as
[B 12k(k+3)] =
(
[A 12k(k+1)], b1P+1
k∏
i,j=1,i≤j
P+ij , . . . , bk
k∏
m
P+m
k∏
i,j=1,i≤j
P+ij
)
(C.20)
And finally we obtain gauge conditions on the field |χ0〉(
[B 12k(k+3)], d12λ+12
k∏
m
P+m
k∏
i,j=1,i≤j
P+ij , . . . , dk−1k
k∏
p,s=1,p<s
λ+ps
k∏
m
P+m
k∏
i,j=1,i≤j
P+ij
)
|χ0〉 = 0. (C.21)
Let us now turn to removing the auxiliary fields using the equations of motion.
38
C.2 Removing auxiliary fields by resolution of equations of motion
As the, first step, we decompose the fields |S0〉 as follows
|S0〉 = |S00〉+ P+11|S01〉, |S0(0) 1
2 k(k+1)
〉 = |S0(0) 1
2 k(k+1)
0〉+ P+1 |S0(0) 1
2 k(k+1)
1〉, (C.22)
|S00〉 = |S000〉+ P+12|S001〉, |S0(0) 1
2 k(k+1)
0〉= |S0(0) 1
2 k(k+1)+2
〉+P+2 |S0(0) 1
2 k(k+1)
01〉, (C.23)
. . . , . . . ,
|S0(0)k〉 = |S0(0)k0〉+ P+1k|S0(0)k1〉, |S0(0) 1
2 k(k+3)
〉 = |S0(0) 1
2 k(k+3)
0〉+ P+k |S0(0) 1
2 k(k+3)
1〉, b (C.24)
|S0(0)k+1〉 = |S0(0)k+2〉+ P+22|S0(0)k+11〉, |S0(0) 1
2 k(k+3)
0〉= |S0(0) 1
2 k(k+3)
00〉+λ+12|S0(0) 1
2 k(k+3)
01〉, (C.25)
. . . , . . . ,
|S0(0) 1
2 k(k+1)−1
〉=|S0(0) 1
2 k(k+1)
〉+P+kk|S0(0) 1
2 k(k+1)−1
1〉, |S0(0)k(k+1)−1〉= |S0(0)k(k+1)〉+λ+k−1k|S0(0)k(k+1)−11〉 (C.26)
and make the same for the vector |B0〉
|B0〉 = P+11|B01〉+ . . . .+ P+1k|B0(0)k1〉+ P+22|B0(0)k+11〉+ . . .+ P+kk|B0(0) 1
2 k(k+1)−1
1〉 (C.27)
+P+1 |B0(0) 1
2 k(k+1)
1〉+ . . .+ P+k |B0(0) 1
2 k(k+3)
1〉
+λ+12|B0(0) 1
2 k(k+3)
01〉+ . . .+ λ+k−1k|B0(0)k(k+1)−11〉,
where the term independent of the ghost momenta is absent due to the ghost number condition,
gh(|B0〉) = −1 and spin value. One should be noted that due to gh(|S0〉) = 0 and spin value,
vector |S0(0)k(k+1)〉 do not depend on the ghost coordinates and momenta as a consequence of the
gauge conditions (C.21), |S0(0)k(k+1)〉 = |Φ〉, with |Φ〉 being the physical field (2.7).
After that, analogously to the fields we extract in ∆Q (C.3) first dependence on η11, P+11, η12,
P+12, . . . , η1k, P+1k, next dependence on ηl, P+l , l = 1, . . . , k, and on ϑps, λ+ps, p < s respectively.
Substituting these k(k + 1) decompositions into the equation of motion
l˜0|S0〉 −∆Q|B0〉 = 0 (C.28)
and using the gauge conditions (C.21) one can show that first |B0(0)k(k+1)−11〉= 0, then |B0(0)k(k+1)−21〉
= 0, and so on till |B01〉 = 0 which means that
l˜0|S0〉 = 0, |B0〉 = 0. (C.29)
Analogously we consider the second equation of motion
∆Q|S0〉 = 0, (C.30)
where |B0〉 = 0 has been used. After the same decomposition we derive one after another that
|S0(0)k(k+1)−11〉 = |S0(0)k(k+1)−21〉 = . . . = |S001〉 = |S01〉 = 0. (C.31)
Eqs. (C.29) and (C.31) mean that all the auxiliary fields vanish and as a result we have |χ0〉(s)k =
|Φ〉 and the equations of motion (3.15), (2.3)–(2.5) hold true. Therefore we proved that the space
of BRST cohomologies of the operator Q (5.2) with a vanishing ghost number is determined
only by the constraints corresponding to an irreducible Poincare-group representation.
One should be noted, that for the massless case the above proof of one-to-one correspondence
of the Lagrangian equations of motion (5.17) to the Eqs. (2.2)–(2.5) is changed non-significantly
because of the k gauge fixing conditions (C.15)–(C.17) do not hold and in the rest of the
Eqs.(C.15)–(C.21) there are not the operators bkP+l . However, we can straightforward show on
the validity of the same conclusion as for the massive HS fields for the Lagrangian formulation
of the massless HS fields as well.
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D Decomposition of field and gauge Fock space vectors
for spin s = (2, 1, 1) tensor
We consider here only the structure of corresponding Fock spaceHtot vectors |χ0〉(2,1,1), |χ1〉(2,1,1),
. . . , |χ12〉(2,1,1) in (5.18)–(5.19) for the example of Subsection 6.3 to be used for Lagrangian
formulation for massless tensor Φµν,ρ,σ in d-dimensional flat space-time which is characterized
by the Poincare group irreducible coniditions (2.2)–(2.5) and Young tableux
µ ν
ρ
σ
.
One should be noted, the maximal stage of reducibility Lk = k(k + 1) − 1 for the tensor
with k group of symmetric indices is reached only starting from the rectangular Young tableaux
with length of any row equal to (2k + 1). Thus, for the case of k = 3 rows a value L3 = 11 for
nonvanishing vector |χ12〉(s1,s2,s3) may appears for the Lagrangian construction starting from
tensor with spin s = (7, 7, 7). In our case, of the tensor with spin s = (2, 1, 1), the nonvanishing
gauge vector with minimal ghost number ghmin appears for ghmin = −5. Indeed, it is easy to
show that Eqs. (6.5), (6.6) have not admissible solutions among the set of non-negative integers
(nl, nij, prs, nf0, nfi, npj, nflm, npno, nfrs, nλtu, pi), for l, i, j, r, s, l,m, n, o, t, u = 1, 2, 3, i ≤ j, r <
s, l ≤ m,n ≤ o, t < u, in (5.7) and (2.7) for the vectors |χl〉(s)3 , l > 5.
Therefore, the gauge vector |χ5〉(2,1,1) from the general expression (5.7) subject to the condi-
tions (6.5), (6.6) for the respective values s = (2, 1, 1) and l = 5 has the representation (below,
we suppose for this example only that (s)3 ≡ (2, 1, 1))
|χ5〉(s)3 = P+1 P+2 P+11λ+12λ+23|φ5〉(0), |φ5〉(0) = |0〉φ5(x), (D.1)
where, we have used the notation, (0) ≡ (0, 0, 0), for |φ5〉(0) ≡ |φ5〉(0,0,0).
In turn, for the reducible gauge parameter |χ4〉(s)3 of the fourth level for l = 4 in the
Eq.(6.6) and the same Eqs.(6.5) for spin components distribution, we have the decomposition
in even powers of ghosts from (11 + 1) summands with the fourth order in momenta PI in
η0-independent terms,
|χ4〉(s)3 = P+1
[
P+2
{
P+11
(
λ+13|φ41〉(0) + λ+12|φ42〉(0,−1,1) + λ+23|φ43〉(−1,1,0)
)
+ P+12λ+23|φ44〉(0) (D.2)
+ λ+12λ
+
23|φ45〉(2,0,0)
}
+ P+3 P+11λ+12|φ46〉(0) + P+11λ+12
(
λ+23|φ47〉(0,1,0) + λ+13|φ48〉(1,0,0)
)
+ P+12λ+12λ+23|φ49〉(1,0,0)
]
+ P+2 P+11λ+12λ+23|φ410〉(1,0,0) + P+11P+12λ+12λ+23|φ411〉(0) + η0|χ40〉(s)3 ,
where, first, the vector |χ40〉(s)3 , |φ40〉(s)3 = |0〉φ40(x), has the same definition and properties as
|χ5〉(s)3 in the Eq. (D.1) and, second, the decomposition of ghost-independent vectors in powers
of initial and auxiliary creation operators from H⊗H′ reads
|φ4n〉(0) = |0〉φ4n(x) , |φ42〉(0,−1,1) = d+23|0〉φ42(x) , (D.3)
|φ43〉(−1,1,0) = d+12|0〉φ43(x) , |φ45〉(2,0,0) = a+µ1 a+ν1 |0〉φ45|µν(x) + b+11|0〉φ45(x) , (D.4)
|φ4p〉(1,0,0) = a+µ1 |0〉φ4p|µ(x) , |φ47〉(0,1,0) = a+µ2 |0〉φ47|µ(x) + a+µ1 d+12|0〉φ′47|µ(x) , (D.5)
for n = 0, 1, 4, 6, 11 and p = 8, 9, 10.
For the reducible gauge parameter of the third level |χ3〉(s)3 for l = 3 in the Eq.(6.6) and
for the same spin value (2, 1, 1) in the Eqs.(6.5) we get from the general expression (5.7) the
decomposition in odd powers of ghosts from (45 + 11) summands starting from the third order
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in PI ,
|χ3〉(s)3 = P+1
[
P+2
{
P+3 |φ31〉(1,0,0) + P+11
(
|φ32〉(−1,0,1) + ϑ+23λ+12|φ33〉(0) + ϑ+12λ+23|φ34〉(0)
)
(D.6)
+P+12|φ35〉(0,−1,1) + P+13|φ36〉(0) + λ+12|φ37〉(2,−1,1) + λ+12λ+23
(
η+1 |φ38〉(1,0,0)3 + η+11|φ39〉(0)
)
+λ+13|φ310〉(2,0,0) + λ+23|φ311〉(1,1,0)
}
+ P+3
{
P+12|φ312〉(0) + λ+12|φ313〉(2,0,0) + P+11|φ314〉(−1,1,0)
}
+P+11
{
λ+12|φ315〉(0,0,1) + η+1 λ+12λ+13|φ316〉(0) + λ+12λ+23
(
η+1 |φ317〉(−1,1,0)3 + η+2 |φ318〉(0)
+ϑ+12|φ319〉(1,0,0)3
)
+ λ+13|φ320〉(0,1,0) + λ+23|φ321〉(−1,2,0)
}
+P+12
{
λ+23|φ322〉(0,1,0) + λ+12|φ323〉(1,−1,1) + λ+13|φ324〉(1,0,0) + η+1 λ+12λ+23|φ325〉(0)
}
+P+13λ+12|φ326〉(1,0,0) + P+22λ+23|φ327〉(1,0,0) + λ+12
{
λ+23|φ328〉(2,1,0) + λ+13|φ329〉(3,0,0)
}]
+P+2
[
P+3 P+11|φ330〉(0) + P+11
{
λ+23|φ331〉(0,1,0) + λ+13|φ332〉(1,0,0) + λ+12|φ333〉(1,−1,1)
+η+1 λ
+
12λ
+
23|φ334〉(0)
}
+ P+12λ+23|φ335〉(1,0,0) + λ+12λ+23|φ336〉(3,0,0)
]
+ P+3 P+11λ+12|φ337〉(1,0,0)
+P+11
[
P+12
{
λ+12|φ338〉(0,−1,1) + λ+13|φ339〉(0) + λ+23|φ340〉(−1,1,0)
}
+ P+13λ+12|φ341〉(0)
+P+22λ+23|φ342〉(0) + λ+12λ+13|φ343〉(2,0,0) + λ+12λ+23|φ344〉(1,1,0)
]
+ P+12λ+12λ+23|φ345〉(2,0,0)
+η0|χ30〉(s)3 ,
where, the vector |χ30〉(s)3 has the same definition and properties as |χ4〉(s)3 in the Eqs. (D.2),
(D.3)–(D.4) and the decomposition of ghost-independent vectors from H⊗H′ looks like,
|φ3l 〉(1,0,0) = a+µ1 |0〉φ3l|µ , |φ3r〉(0,1,0) = a+µ2 |0〉φ3r|µ + a+µ1 d+12|0〉φ′3r|µ , (D.7)
|φ3n〉(0) = |0〉φ3n , |φ3p〉(2,0,0) = a+µ1 a+ν1 |0〉φ3p|µν + b+11|0〉φ3p , (D.8)
|φ3t 〉(0,−1,1) = d+23|0〉φ3t , |φ3d〉(−1,1,0) = d+12|0〉φ3d , (D.9)
|φ3a〉(1,−1,1) = a+µ1 d+23|0〉φ3a|µ , |φ321〉(−1,2,0) = d+12
(
a+µ2 |0〉φ321|µ + a+µ1 d+12|0〉φ′321|µ
)
, (D.10)
|φ32〉(−1,0,1) = d+13|0〉φ32 + d+12d+23|0〉φ′32 , |φ37〉(2,−1,1) = d+23
(
a+µ1 a
+ν
1 |0〉φ37|µν + b+11|0〉φ37
)
, (D.11)
|φ315〉(0,0,1) = a+µ3 |0〉φ315|µ + a+µ2 d+23|0〉φ′315|µ + a+µ1 d+13|0〉φ′′315|µ + a+µ1 d+12d+23|0〉φ′′′315|µ , (D.12)
|φ328〉(2,1,0) = a+µ1 a+ν1
(
a+ρ2 |0〉φ328|µν,ρ + a+ρ1 d+12|0〉φ328|µνρ
)
+ b+11a
+µ
2 |0〉φ′′328|µ (D.13)
+a+µ1
(
b+11d
+
12|0〉φ328|µ + b+12|0〉φ′328|µ
)
,
|φ3y〉(1,1,0) = a+µ1
(
a+ν2 |0〉φ3y|µ,ν + a+ν1 d+12|0〉φ3y|µν
)
+ b+11d
+
12|0〉φ3y + b+12|0〉φ′3y , (D.14)
|φ3b〉(3,0,0) = a+µ1
(
a+ν1 a
+ρ
1 |0〉φ3b|µνρ + b+11|0〉φ3b|µ
)
, (D.15)
for l = 1, 8, 19, 24, 26, 27, 32, 35, 37, p = 10, 13, 43, 45, n = 3, 4, 6, 9, 12, 16, 18, 25, 30, 34, 39, 41, 42,
r = 20, 22, 31, t = 5, 38, a = 23, 33, d = 14, 17, 40, y = 11, 44 and b = 29, 36.
Then, for the reducible gauge parameter of the second level |χ2〉(s)3 for the value l = 2 in the
Eq.(6.6) and for the spin value (2, 1, 1) in the Eqs.(6.5) we have decomposition in even powers
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of ghosts from (102 + 45) summands starting from the second order in PI ,
|χ2〉(s)3 = P+1
[
P+2
{
|φ21〉(1,0,1) + η+1 P+3 |φ22〉(0) + P+11
(
ϑ+13|φ23〉(0) + ϑ+23|φ24〉(−1,1,0) (D.16)
+ϑ+12|φ25〉(0,−1,1)
)
+ ϑ+23λ
+
12|φ26〉(2,0,0) + ϑ+12λ+23|φ27〉(2,0,0) + ϑ+23P+12|φ28〉(0) +λ+13
(
η+1 |φ29〉(1,0,0)
+η+11|φ210〉(0)
)
+ λ+12
(
η+1 |φ211〉(1,−1,1) + η+11|φ212〉(0,−1,1)
)
+ λ+23
(
η+1 |φ213〉(0,1,0) + η+2 |φ2102〉(1,0,0)
+η+11|φ214〉(−1,1,0) + η+12|φ215〉(0)
)}
+ P+3
{
|φ216〉(1,1,0) + P+11ϑ+12|φ217〉(0) + λ+12[η+1 |φ218〉(1,0,0)
+η+11|φ219〉(0)
}
+ P+11
{
|φ220〉(−1,1,1) + η+3 λ+12|φ221〉(0) + η+2
(
λ+12|φ222〉(0,−1,1) + λ+13|φ223〉(0)
+λ+23|φ224〉(−1,1,0)
)
+ η+1
(
λ+12|φ225〉(−1,0,1) + λ+13|φ226〉(−1,1,0) + λ+23|φ227〉(−2,2,0)
)
+ϑ+23λ
+
12|φ228〉(0,1,0) + ϑ+12λ+13|φ229〉(1,0,0) + ϑ+13λ+12|φ230〉(1,0,0) + ϑ+12λ+23|φ231〉(0,1,0)
+ϑ+12λ
+
12
[|φ232〉(1,−1,1) + η+1 λ+23|φ233〉(0)]}+ P+12{|φ234〉(0,0,1) + η+1 (λ+12|φ235〉(0,−1,1)
+λ+13|φ236〉(0) + λ+23|φ237〉(−1,1,0)
)
+ η+2 λ
+
23|φ238〉(0) + ϑ+23λ+12|φ239〉(1,0,0) + ϑ+12λ+23|φ240〉(1,0,0)
}
+P+22
{
|φ241〉(1,−1,1) + η+1 λ+23|φ242〉(0)
}
+ P+13
{
|φ243〉(0,1,0) + η+1 λ+12|φ244〉(0)
}
+ P+23|φ245〉(1,0,0)
+λ+12|φ246〉(2,0,1) + λ+12λ+23
(
η+1 |φ247〉(1,1,0) + η+11|φ248〉(0,1,0) + η+12|φ249〉(1,0,0) + ϑ+12|φ250〉(3,0,0)
+η+2 |φ251〉(2,0,0)
)
+ λ+13
{
|φ252〉(2,1,0) + η+1 λ+12|φ253〉(2,0,0) + η+11λ+12|φ254〉(1,0,0)
}
+ λ+23|φ255〉(1,2,0)
]
+P+2
[
P+3 |φ256〉(2,0,0) + P+11
{
|φ257〉(0,0,1) + η+2 λ+23|φ258〉(0) + η+1 λ+13|φ259〉(0)
+η+1 λ
+
12|φ260〉(0,−1,1) + ϑ+23λ+12|φ261〉(1,0,0) + ϑ+12λ+23|φ262〉(1,0,0) + η+1 λ+23|φ263〉(−1,1,0)
}
+P+12
{
|φ264〉(1,−1,1) + η+1 λ+23|φ265〉(0)
}
+ λ+13|φ266〉(3,0,0) + λ+23|φ267〉(2,1,0)
+λ+12
{
|φ268〉(3,−1,1) + η+1 λ+23|φ269〉(2,0,0) + η+11λ+23|φ270〉(1,0,0)
}
+ P+13|φ271〉(1,0,0)
]
+P+3
[
P+11
{
|φ272〉(0,1,0) + η+1 λ+12|φ273〉(0)
}
+ P+12|φ274〉(1,0,0) + λ+12|φ275〉(3,0,0)
]
+P+11
[
P+12
{
|φ276〉(−1,0,1) + ϑ+23λ+12|φ277〉(0) + ϑ+12λ+23|φ278〉(0)
}
+ P+13|φ279〉(−1,1,0)
+P+22|φ280〉(0,−1,1) + P+23|φ281〉(0) + λ+12
{
|φ282〉(1,0,1) + η+1 λ+13|φ283〉(1,0,0) + η+11λ+13|φ284〉(0)
+η+1 λ
+
23|φ285〉(0,1,0) + η+2 λ+23|φ2101〉(1,0,0) + η+11λ+23|φ286〉(−1,1,0) + η+12λ+23|φ287〉(0)
+ϑ+12λ
+
23|φ288〉(2,0,0)
}
+ λ+13|φ289〉(1,1,0) + λ+23|φ290〉(0,2,0)
]
+P+12
[
P+13|φ291〉(0) + λ+12
{
|φ292〉(2,−1,1) + η+1 λ+23|φ293〉(1,0,0) + η+11λ+23|φ294〉(0)
}
+λ+13|φ295〉(2,0,0) + λ+23|φ296〉(1,1,0)
]
+ P+22λ+23|φ297〉(2,0,0) + P+13λ+12|φ298〉(2,0,0)
+λ+12
[
λ+13|φ299〉(4,0,0) + λ+23|φ2100〉(3,1,0)
]
+ η0|χ20〉(s)3 ,
where, the vector |χ20〉(s)3 has the same definition and properties as |χ3〉(s)3 in the Eqs. (D.6),
(D.7)–(D.15) without η0-dependent terms and the decomposition of ghost-independent vectors
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in H⊗H′ with different values of spins than in (D.7)–(D.15) writes as follows,
|φ2l 〉(1,0,1) = a+µ1
(
a+ν1
{
d+13|0〉φ2l|µν +d+12d+23|0〉φ′2l|µν
}
+a+ν2 d
+
23|0〉φ′′2l|µ,ν +a+ν3 |0〉φ′′′2lµ,ν
)
(D.17)
+b+11
{
d+13|0〉φ2l + d+12d+23|0〉φ′2l
}
+ b+12d
+
23|0〉φ′′2l + b+13|0〉φ′′′2l ,
|φ2m〉(−1,1,1) = a+µ1 d+12
{
d+13|0〉φ2m|µ + d+12d+23|0〉φ′2m|µ
}
+ a+µ2
{
d+13|0〉φ′′2m|µ (D.18)
+d+12d
+
23|0〉φ′′′2m|µ
}
+ a+µ3 d
+
12|0〉φ(iv)2m|µ ,
|φ2p〉(2,0,1) = a+µ1 a+ν1
(
a+ρ3 |0〉φ2p|µν,ρ + a+ρ1
{
d+13|0〉|0〉φ′2p|µνρ + d+12d+23|0〉φ′′2p|µνρ
}
(D.19)
+a+ρ2 d
+
23|0〉φ′′′2p|µν,ρ
)
+ b+11
(
a+µ3 |0〉φ2p|µ + a+µ2 d+23|0〉φ′2p|µ + a+µ1 d+13|0〉φ′′2p|µ
+a+µ1 d
+
12d
+
23|0〉φ′′′2p|µ
)
+ a+µ1
(
b+13|0〉φ(iv)2p|µ + b+12d+23|0〉φ(v)2p|µ
)
,
|φ2r〉(1,2,0) = a+µ1
(
a+ν1 a
+ρ
1 (d
+
12)
2|0〉φ2r|µνρ + a+ν1 a+ρ2 d+12|0〉φ′2r|µν,ρ + a+ν2 a+ρ2 |0〉φ′′2r|µ,νρ (D.20)
+b+22|0〉φ(iv)2r|µ + b+11(d+12)2|0〉φ2r|µ + b+12d+12|0〉φ′2r|µ
)
+ a+µ2
(
b+11d
+
12|0〉φ′′2r|µ + b+12|0〉φ′′′2r|µ
)
,
|φ2100〉(3,1,0) = a+µ1 a+ν1
(
a+ρ1 a
+σ
1 d
+
12|0〉φ2100|µνρσ + a+ρ1 a+σ2 |0〉φ′2100|µνρ,σ + b+12|0〉φ′2100|µν (D.21)
+b+11d
+
12|0〉φ2100|µν
)
+ a+µ1 a
+ν
2 b
+
11|0〉φ2100|µ,ν + b+11
(
b+11d
+
12|0〉φ2100 + b+12|0〉φ′2100
)
,
|φ299〉(4,0,0) = a+µ1 a+ν1
(
a+ρ1 a
+σ
1 |0〉φ299|µνρσ + b+11|0〉φ299|µν
)
+ (b+11)
2|0〉φ299, (D.22)
|φ3t 〉(3,−1,1) = a+µ1 d+23
(
a+ν1 a
+ρ
1 |0〉φ3t|µνρ + b+11|0〉φ3t|µ
)
, (D.23)
|φ2u〉(0,2,0) = a+µ1
(
a+ν1 (d
+
12)
2|0〉φ2u|µν + a+ν2 d+12|0〉φ′2u|µ,ν
)
+ a+µ2 a
+ν
2 |0〉φ′′2u|µν (D.24)
+b+11(d
+
12)
2|0〉φ2u + b+12d+12|0〉φ′2u + b+22|0〉φ′′2u ,
|φ227〉(−2,2,0) = (d+12)2|0〉|φ227 (D.25)
for l = 1, 82,m = 20, p = 46, r = 55, u = 90, t = 68.
Analogously, we decompose the gauge parameter |χ1〉(s)3 for values l = 1 and (s)3 = (2, 1, 1)
in the Eq.(6.6) and Eqs.(6.5) respectively, in odd powers of ghosts from (164 + 102) summands
starting from the first order in momenta PI ,
|χ1〉(s)3 = P+1
[
|φ11〉(1,1,1) + P+2
{
η+1
(|φ12〉(0,0,1) + η+2 λ+23|φ13〉(0) + ϑ+12λ+23|φ14〉(1,0,0) (D.26)
+ϑ+23λ
+
12|φ15〉(1,0,0)
)
+ η+2 |φ16〉(1,−1,1) + η+3 |φ17〉(1,0,0) + η+11
(|φ18〉(−1,0,1) + ϑ+12λ+23|φ19〉(0)
+ϑ+23λ
+
12|φ110〉(0)
)
+ η+13|φ111〉(0) + η+12|φ112〉(0,−1,1) + ϑ+12|φ113〉(2,−1,1) + ϑ+13|φ114〉(2,0,0)
+ϑ+23
(|φ115〉(1,1,0) + P+11ϑ+12|φ116〉(0))}+ P+3 {η+1 |φ117〉(0,1,0) + η+2 |φ118〉(1,0,0) + η+11|φ119〉(−1,1,0)
+η+12|φ120〉(0) + ϑ+12|φ121〉(2,0,0)
}
+ P+11
{
η+1
(|φ122〉(−2,1,1) + ϑ+12λ+23|φ123〉(−1,1,0)
+ϑ+23λ
+
12|φ124〉(−1,1,0) + ϑ+12λ+13|φ125〉(0) + ϑ+13λ+12|φ126〉(0) + ϑ+12λ+12|φ127〉(0,−1,1)
)
+η+2
(|φ128〉(−1,0,1) + ϑ+12λ+23|φ129〉(0) + ϑ+23λ+12|φ130〉(0))+ η+3 |φ131〉(−1,1,0) + ϑ+13|φ132〉(0,1,0)
+ϑ+12
(|φ133〉(0,0,1) + ϑ+23λ+12|φ134〉(1,0,0))+ ϑ+23|φ135〉(−1,2,0)}+ P+12{η+1 (|φ136〉(−1,0,1)
+ϑ+12λ
+
23|φ137〉(0)
)
+ η+2 |φ138〉(0,−1,1) + η+3 |φ139〉(0) + ϑ+12|φ140〉(1,−1,1) + ϑ+13|φ141〉(1,0,0)
+ϑ+23
(|φ142〉(0,1,0) + η+1 λ+12|φ143〉(0))}+ P+22{η+1 |φ144〉(0,−1,1) + ϑ+23|φ145〉(1,0,0)}
+P+13
{
η+1 |φ146〉(−1,1,0) + η+2 |φ147〉(0) + ϑ+12|φ1164〉(1,0,0)
}
+ η+1 P+23|φ148〉(0) + λ+13
{
η+1
(|φ149〉(1,1,0)
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+η+11λ
+
12|φ150〉(0)
)
+ η+2 |φ151〉(2,0,0) + η+11|φ152〉(0,1,0) + η+12|φ153〉(1,0,0) + ϑ+12|φ154〉(3,0,0)
}
+λ+12
{
η+1
(|φ155〉(1,0,1) + η+11λ+23|φ156〉(−1,1,0) + η+2 λ+23|φ157〉(1,0,0)+ η+12λ+23|φ158〉(0)+ ϑ+12λ+23|φ159〉(2,0,0))
+η+2
(|φ160〉(2,−1,1) + η+11λ+23|φ161〉(0))+ η+3 |φ162〉(2,0,0) + η+11(|φ163〉(0,0,1) + ϑ+12λ+23|φ164〉(1,0,0))
+η+12|φ165〉(1,−1,1) + ϑ+12|φ166〉(3,−1,1) + ϑ+13|φ167〉(3,0,0) + ϑ+23|φ168〉(2,1,0)
}
+ λ+23
{
η+1 |φ169〉(0,2,0)
+η+2 |φ170〉(1,1,0) + η+11|φ171〉(−1,2,0) + η+12|φ172〉(0,1,0) + η+22|φ173〉(1,0,0) + ϑ+12|φ174〉(2,1,0)
}]
+P+2
[
|φ275〉(2,0,1) + P+3
{
η+1 |φ176〉(1,0,0) + η+11|φ177〉(0)
}
+ P+11
{
η+1
(|φ178〉(−1,0,1)
+ϑ+12λ
+
23|φ179〉(0) + ϑ+23λ+12|φ180〉(0)
)
+ η+2 |φ181〉(0,−1,1) + η+3 |φ182〉(0) + ϑ+12|φ183〉(1,−1,1)
+ϑ+13|φ184〉(1,0,0) + ϑ+23|φ185〉(0,1,0)
}
+ P+12
{
η+1 |φ186〉(0,−1,1) + ϑ+23|φ187〉(1,0,0)
}
+P+13η+1 |φ188〉(0) + λ+13
{
η+1 |φ189〉(2,0,0) + η+11|φ190〉(1,0,0)
}
+ λ+12
{
η+1
(|φ191〉(2,−1,1)
+η+11λ
+
23|φ192〉(0)
)
+ η+11|φ193〉(1,−1,1) + ϑ+23|φ194〉(3,0,0)
}
+ λ+23
{
η+1 |φ195〉(1,1,0)
+η+2 |φ196〉(2,0,0) + η+11|φ197〉(0,1,0) + η+12|φ198〉(1,0,0) + ϑ+12|φ199〉(3,0,0)
}]
+P+3
[
|φ1100〉(2,1,0) + P+11
{
η+1 |φ1101〉(−1,1,0) + η+2 |φ1102〉(0) + ϑ+12|φ1103〉(1,0,0)
}
+P+12η+1 |φ1104〉(0) + λ+12
{
η+1 |φ1105〉(2,0,0) + η+11|φ1106〉(1,0,0)
}]
+P+11
[
|φ1107〉(0,1,1) + P+12
{
ϑ+12|φ1108〉(0,−1,1) + ϑ+13|φ1109〉(0) + ϑ+23|φ1110〉(−1,1,0)
}
+P+22ϑ+23|φ1111〉(0) + P+13ϑ+12|φ1112〉(0) + λ+12
{
η+1
(|φ1113〉(0,0,1) + η+2 λ+23|φ1114〉(0)
+ϑ+12λ
+
23|φ1115〉(1,0,0)
)
+ η+2 |φ1116〉(1,−1,1) + η+3 |φ1117〉(1,0,0) + η+11
(|φ1118〉(−1,0,1) + η+13|φ1121〉(0)
+ϑ+12λ
+
23|φ1119〉(0)
)
+ η+12|φ1120〉(0,−1,1) + ϑ+12|φ1122〉(2,−1,1) + ϑ+13|φ1123〉(2,0,0) + ϑ+23|φ1124〉(1,1,0)
}
+λ+13
{
η+1 |φ1125〉(0,1,0) + η+2 |φ1126〉(1,0,0) + η+11|φ1127〉(−1,1,0) + η+12|φ1128〉(0) + ϑ+12|φ1129〉(2,0,0)
}
+λ+23
{
η+1 |φ1130〉(−1,2,0) + η+2 |φ1131〉(0,1,0) + η+11|φ1132〉(−2,2,0) + η+12|φ1133〉(−1,1,0)
+η+22|φ1134〉(0) + ϑ+12|φ1135〉(1,1,0)
}]
+P+12
[
|φ1136〉(1,0,1) + λ+12
{
η+1 |φ1137〉(1,−1,1) + η+11|φ1138〉(0,−1,1) + ϑ+23|φ1139〉(2,0,0)
}
+λ+13
{
η+1 |φ1140〉(1,0,0) + η+11|φ1141〉(0)
}
+ λ+23
{
η+1 |φ1142〉(0,1,0) + η+2 |φ1143〉(1,0,0) + η+11|φ1144〉(−1,1,0)
+η+12|φ1145〉(0) + ϑ+12|φ1146〉(2,0,0)
}]
+ P+22
[
|φ1147〉(2,−1,1) + λ+23
{
η+1 |φ1148〉(1,0,0) + η+11|φ1149〉(0)
}]
+P+13
[
|φ1150〉(1,1,0) + λ+12
{
η+1 |φ1151〉(1,0,0) + η+11|φ1152〉(0)
}]
+ P+23|φ1153〉(2,0,0) + λ+12
[
|φ1154〉(3,0,1)
+λ+13
{
η+1 |φ1155〉(3,0,0) + η+11|φ1156〉(2,0,0)
}
+ λ+23
{
η+1 |φ1157〉(2,1,0) + η+2 |φ1158〉(3,0,0)
+η+11|φ1159〉(1,1,0) + η+12|φ1160〉(2,0,0) + ϑ+12|φ1161〉(4,0,0)
}]
+ λ+13|φ1162〉(3,1,0)
+λ+23|φ1163〉(2,2,0) + η0|χ10〉(s)3
where, as an usual the vector |χ10〉(s)3 has the same definition and properties as the η0-independent
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part of |χ2〉(s)3 in the Eqs. (D.16), (D.17)–(D.25) and the decomposition of ghost-independent
vectors inH⊗H′ with only different values of spins than in (D.7)–(D.15), (D.17)–(D.25) writes
as follows, for l = 107, m = 1, r = 163, t = 154,
|φ1l 〉(0,1,1) = a+µ1
(
a+ν3 d
+
12|0〉φ1l|µ,ν + a+ν1 d+12
{
d+13|0〉φ′1l|µν + d+12d+23|0〉φ′′1l|µν
}
(D.27)
+a+ν2
{
d+13|0〉φ′′′1l|µ,ν + d+12d+23|0〉φ(iv)1l|µ,ν
})
+ a+µ2
(
a+ν3 |0〉φ(v)1l|µ,ν + a+ν2 d+23|0〉φ(6)1l|µν
)
+b+11d
+
12
{
d+13|0〉φ1l + d+12d+23|0〉φ′1l
}
+ b+12
{
d+13|0〉φ′′1l + d+12d+23|0〉φ′′′1l
}
+ b+13d
+
12φ
(iv)1
l
+b+22d
+
23φ
(v)1
l + b
+
23φ
(6)1
l ,
|φ1m〉(1,1,1) = a+µ1
(
a+ν1 a
+ρ
1 d
+
12
{
d+13|0〉φ1m|µνρ+ d+12d+23|0〉φ′1m|µνρ
}
+ a+ν1 a
+ρ
2
{
d+13|0〉φ′′1m|µν,ρ (D.28)
+d+12d
+
23|0〉φ′′′1m|µν,ρ
}
+ a+ν1 a
+ρ
3 d
+
12|0〉φ(iv)1m|µν,ρ+ a+ν2 a+ρ2 d+23|0〉φ(v)1m|µ,νρ+ a+ν2 a+ρ3 |0〉φ(vi)1m|µ,ν,ρ
+b+11d
+
12
{
d+13|0〉φ1m|µ + d+12d+23|0〉φ′1m|µ
}
+ b+12
{
d+13|0〉φ′′1m|µ + d+12d+23|0〉φ′′′1m|µ
}
+ b+22d
+
23φ
(iv)1
m|µ
+b+23|0〉φ(v)1m|µ
)
+ b+11
(
a+µ2
{
d+13|0〉φ(6)1m|µ + d+12d+23|0〉φ(7)1m|µ
}
+ a+µ3 d
+
12|0〉φ(8)1m|µ
)
+b+12
(
a+µ2 d
+
23|0〉φ(9)1m|µ + a+µ3 |0〉φ(10)1m|µ
)
+ b+13
(
a+µ2 |0〉φ(11)1m|µ + a+µ1 d+12|0〉φ(12)1m|µ
)
,
|φ1r〉(2,2,0) = a+µ1 a+ν1
(
a+ρ1 a
+σ
1 (d
+
12)
2|0〉φ1r|µνρσ + a+ρ1 a+σ2 d+12|0〉φ′1r|µνρ,σ (D.29)
+a+ρ2 a
+σ
2 |0〉φ′′1r|µν,ρσ + b+11(d+12)2|0〉φ1r|µν + b+12d+12|0〉φ′1r|µν + b+22|0〉φ′′1r|µν
)
+b+11
(
a+µ1 a
+ν
2 d
+
12|0〉φ1r|µ,ν + a+µ2 a+ν2 |0〉φ′′′1r|µν + b+11(d+12)2|0〉φ1r + b+12d+12|0〉φ′1r
+b+22|0〉φ′′1r
)
+ b+12
(
a+µ1 a
+ν
2 |0〉φ′1r|µ,ν + b+12|0〉φ′′′1r
)
,
|φ1t 〉(3,0,1) = a+µ1 a+ν1 a+ρ1
(
a+σ1
{
d+13|0〉φ1t|µνρσ + d+12d+23|0〉φ′1t|µνρσ
}
+ a+σ2 d
+
23|0〉φ′′1t|µνρ,σ (D.30)
+a+σ3 |0〉φ′′′1t|µνρ,σ
)
+ a+µ1 a
+ν
1
(
b+11
{
d+13|0〉φ1t|µν + d+12d+23|0〉φ′1t|µν
}
+ b+12d
+
23|0〉φ′′1t|µν
+b+13|0〉φ′′′1t|µν
)
+ a+µ1 b
+
11
(
a+ν2 d
+
23|0〉φ1t|µ,ν + a+ν3 |0〉φ′1t|µ,ν
)
+ b+11
(
b+11
{
d+13|0〉φ1t
+d+12d
+
23|0〉φ′1t
}
+ b+12d
+
23|0〉φ′′1t + b+13|0〉φ′′′1t
)
.
At last, the conditions (6.6) and (6.5) applied for l = 0 and (s)3 = (2, 1, 1) permit one to
decompose the field vector |χ〉(s)3 to be derived from general Eq.(5.7), in even powers of ghosts
from (190 + 164) summands starting from the ghost-independent vector |Ψ〉(2,1,1),
|χ〉(s)3 = |Ψ〉(2,1,1) + P+1
[
η+1 |φ1〉(0,1,1) + η+2 |φ2〉(1,0,1) + η+3 |φ3〉(1,1,0) + η+11|φ4〉(−1,1,1) (D.31)
+η+12|φ5〉(0,0,1) + η+13|φ6〉(0,1,0) + η+22|φ7〉(1,−1,1) + η+23|φ8〉(1,0,0) + ϑ+12|φ9〉(2,0,1)
+ϑ+13|φ10〉(2,1,0) + ϑ+23|φ11〉(1,2,0) + P+2
{
η+1
(
η+2 |φ12〉(0,−1,1) + η+3 |φ13〉(0) + ϑ+12|φ14〉(1,−1,1)
+ϑ+13|φ15〉(1,0,0) + ϑ+23|φ16〉(0,1,0)
)
+ η+2 ϑ
+
23|φ17〉(1,0,0) + η+11
(
ϑ+12|φ18〉(0,−1,1)
+ϑ+13|φ19〉(0) + ϑ+23|φ20〉(−1,1,0)
)
+ η+12ϑ
+
23|φ21〉(0) + ϑ+12ϑ+23|φ22〉(2,0,0)
}
+P+3
{
η+1
(
η+2 |φ23〉(0) + ϑ+12|φ24〉(1,0,0)
)
+ η+11ϑ
+
12|φ25〉(0)
}
+ P+11
{
η+1
(
ϑ+12
[|φ26〉(−1,0,1)
+ϑ+23λ
+
12|φ27〉(0)
]
+ ϑ+13|φ28〉(−1,1,0) + ϑ+23|φ29〉(−2,2,0)
)
+ η+2
(
ϑ+12|φ30〉(0,−1,1)
+ϑ+13|φ31〉(0) + ϑ+23|φ32〉(−1,1,0)
)
+ η+3 ϑ
+
12|φ33〉(0) + ϑ+12
(
ϑ+13|φ34〉(1,0,0) + ϑ+23|φ35〉(0,1,0)
)}
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+P+12
{
η+1
(
ϑ+12|φ36〉(0,−1,1) + ϑ+13|φ37〉(0) + ϑ+23|φ38〉(−1,1,0)
)
+ η+2 ϑ
+
23|φ39〉(0)
+ϑ+12ϑ
+
23|φ40〉(1,0,0)
}
+ P+13η+1 ϑ+12|φ41〉(0) + P+22η+1 ϑ+23|φ42〉(0) + λ+12
{
η+1
(
η+2 |φ43〉(1,−1,1)
+η+3 |φ44〉(1,0,0) + η+11
[|φ45〉(−1,0,1) + ϑ+12λ+23|φ46〉(0)]+ η+12|φ47〉(0,−1,1) + η+13|φ48〉(0)
+ϑ+12|φ49〉(2,−1,1) + ϑ+13|φ50〉(2,0,0) + ϑ+23|φ51〉(1,1,0)
)
+ η+2
(
η+11|φ52〉(0,−1,1) + ϑ+23|φ53〉(2,0,0)
)
+η+3 η
+
11|φ54〉(0) + η+11
(
ϑ+12|φ55〉(1,−1,1) + ϑ+13|φ56〉(1,0,0) + ϑ+23|φ57〉(0,1,0)
)
+η+12ϑ
+
23|φ58〉(1,0,0) + ϑ+12ϑ+23|φ59〉(3,0,0)
}
+ λ+13
{
η+1
(
η+2 |φ60〉(1,0,0) + η+11|φ61〉(−1,1,0)
+η+12|φ62〉(0) + ϑ+12|φ63〉(2,0,0)
)
+ η+2 η
+
11|φ64〉(0) + η+11ϑ+12|φ65〉(1,0,0)
}
+λ+23
{
η+1
(
η+2 |φ66〉(0,1,0) + η+11|φ67〉(−2,2,0) + η+12|φ68〉(−1,1,0) + η+22|φ69〉(0) + ϑ+12|φ70〉(1,1,0)
)
+η+2
(
η+11|φ71〉(−1,1,0) + η+12|φ72〉(0) + ϑ+12|φ73〉(2,0,0)
)
+ η+11ϑ
+
12|φ74〉(0,1,0) + η+12ϑ+12|φ75〉(1,0,0)
}]
+P+2
[
η+1 |φ76〉(1,0,1) + η+2 |φ77〉(2,−1,1) + η+3 |φ78〉(2,0,0) + η+11|φ79〉(0,0,1) + η+12|φ80〉(1,−1,1)
+η+13|φ81〉(1,0,0) + ϑ+12|φ82〉(3,−1,1) + ϑ+13|φ83〉(3,0,0) + ϑ+23|φ84〉(2,1,0)
+P+11
{
η+1
(
ϑ+12|φ85〉(0,−1,1) + ϑ+13|φ86〉(0) + ϑ+23|φ87〉(−1,1,0)
)
+ η+2 ϑ
+
23|φ88〉(0)
+ϑ+12ϑ
+
23|φ89〉(1,0,0)
}
+ P+12η+1 ϑ+23|φ90〉(0) + λ+12
{
η+1
(
η+11|φ91〉(0,−1,1) + ϑ+23|φ92〉(2,0,0)
)
+η+11ϑ
+
23|φ93〉(1,0,0)
}
+ λ+13η
+
1 η
+
11|φ94〉(0) + λ+23
{
η+1
(
η+2 |φ95〉(1,0,0) + η+11|φ96〉(−1,1,0)
+η+12|φ97〉(0) + ϑ+12|φ98〉(2,0,0)
)
+ η+2 η
+
11|φ99〉(0) + η+11ϑ+12|φ100〉(1,0,0)
}]
+P+3
[
η+1 |φ101〉(1,1,0) + η+2 |φ102〉(2,0,0) + η+11|φ103〉(0,1,0) + η+12|φ104〉(1,0,0) + ϑ+12|φ105〉(3,0,0)
+P+11η+1 ϑ+12|φ106〉(0) + λ+12η+1 η+11|φ107〉(0)
]
+P+11
[
η+1 |φ108〉(−1,1,1) + η+2 |φ109〉(0,0,1) + η+3 |φ110〉(0,1,0) + η+11|φ111〉(−2,1,1) + η+12|φ112〉(−1,0,1)
+η+13|φ190〉(−1,1,0) + η+22|φ113〉(0,−1,1) + η+23|φ114〉(0) + ϑ+12|φ115〉(1,0,1) + ϑ+13|φ116〉(1,1,0)
+ϑ+23|φ117〉(0,2,0) + P+12ϑ+12ϑ+23|φ118〉(0) + λ+12
{
η+1
(
η+2 |φ119〉(0,−1,1) + η+3 |φ120〉(0)
+ϑ+12|φ121〉(1,−1,1) + ϑ+13|φ122〉(1,0,0) + ϑ+23|φ123〉(0,1,0)
)
+ η+2 ϑ
+
23|φ124〉(1,0,0)
+η+11
(
ϑ+12|φ125〉(0,−1,1) + ϑ+13|φ126〉(0) + ϑ+23|φ127〉(−1,1,0)
)
+ η+12ϑ
+
23|φ128〉(0)+ ϑ+12ϑ+23|φ129〉(2,0,0)
}
+λ+13
{
η+1
(
η+2 |φ130〉(0) + ϑ+12|φ131〉(1,0,0)
)
+ η+11ϑ
+
12|φ132〉(0)
}
+ λ+23
{
η+1
(
η+2 |φ133〉(−1,1,0)
+ϑ+12|φ134〉(0,1,0)
)
+ η+2 ϑ
+
12|φ135〉(1,0,0) + η+11ϑ+12|φ136〉(−1,1,0) + η+12ϑ+12|φ137〉(0)
}]
+P+12
[
η+1 |φ138〉(0,0,1) + η+2 |φ139〉(1,−1,1) + η+3 |φ140〉(1,0,0) + η+11|φ141〉(−1,0,1) + η+12|φ142〉(0,−1,1)
+η+13|φ143〉(0) + ϑ+12|φ144〉(2,−1,1) + ϑ+13|φ145〉(2,0,0) + ϑ+23|φ146〉(1,1,0) + λ+12
{
η+1 ϑ
+
23|φ147〉(1,0,0)
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+η+11ϑ
+
23|φ148〉(0)
}
+ λ+23
{
η+1
(
η+2 |φ149〉(0) + ϑ+12|φ150〉(1,0,0)
)
+ η+11ϑ
+
12|φ151〉(0)
}]
+P+22
[
η+1 |φ152〉(1,−1,1) + η+11|φ153〉(0,−1,1) + ϑ+23|φ154〉(2,0,0)
]
+P+13
[
η+1 |φ155〉(0,1,0) + η+2 |φ156〉(1,0,0) + η+11|φ157〉(−1,1,0) + η+12|φ158〉(0) + ϑ+12|φ159〉(2,0,0)
]
+P+23
[
η+1 |φ160〉(1,0,0) + η+11|φ161〉(0)
]
+λ+12
[
η+1 |φ162〉(2,0,1) + η+2 |φ163〉(3,−1,1) + η+3 |φ164〉(3,0,0) + η+11|φ165〉(1,0,1) + η+12|φ166〉(2,−1,1)
+η+13|φ167〉(2,0,0) + ϑ+12|φ168〉(4,−1,1) + ϑ+13|φ169〉(4,0,0) + ϑ+23|φ170〉(3,1,0)
+λ+13η
+
1 η
+
11|φ171〉(1,0,0) + λ+23
{
η+1
(
η+2 |φ172〉(2,0,0) + η+11|φ173〉(0,1,0) + η+12|φ174〉(1,0,0)
+ϑ+12|φ175〉(3,0,0)
)
+ η+2 η
+
11|φ176〉(1,0,0) + η+11
(
η+12|φ177〉(0) + ϑ+12|φ178〉(2,0,0)
)}]
+λ+13
[
η+1 |φ179〉(2,1,0) + η+2 |φ180〉(3,0,0) + η+11|φ181〉(1,1,0) + η+12|φ182〉(2,0,0) + ϑ+12|φ183〉(4,0,0)
]
+λ+23
[
η+1 |φ184〉(1,2,0) + η+2 |φ185〉(2,1,0) + η+11|φ186〉(0,2,0) + η+12|φ187〉(1,1,0) + η+22|φ188〉(2,0,0)
+ϑ+12|φ189〉(3,1,0)
]
+ η0|χ0〉(s)3 ,
where, the vector |χ0〉(s)3 has the same definition and properties as η0-independent part of
|χ1〉(s)3 in the Eqs. (D.26), (D.27)–(D.30) and the decomposition of ghost-independent vectors
in H⊗H′ with only different values of spins than in (D.7)–(D.15), (D.17)–(D.25), (D.27)–
(D.30) has the form,
|Ψ〉(2,1,1) = a+µ1
(
a+ν1 a
+ρ
1
[
a+σ1 d
+
12
{
d+13|0〉φµνρσ + d+12d+23|0〉φ′µνρσ
}
+ a+σ2
{
d+13|0〉φ′′µνρ,σ (D.32)
+d+12d
+
23|0〉φ′′′µνρ,σ
}
+ a+σ3 d
+
12|0〉φ(iv)µνρ,σ
]
+ a+ν1 a
+ρ
2 a
+σ
2 d
+
23|0〉φ(v)µν,ρσ
+a+ν1 a
+ρ
2 a
+σ
3 |0〉Φµν,ρ,σ + a+ν1 b+11d+12
{
d+13|0〉φµν + d+12d+23|0〉φ′µν
}
+ a+ν1 b
+
12
{
d+13|0〉φ′′µν
+d+12d
+
23|0〉φ′′′µν
}
+ a+ν1 b
+
13d
+
12|0〉φ(iv)µν + a+ν1 b+22d+23|0〉φ(v)µν + a+ν1 b+23|0〉φ(6)µν
+a+ν2 b
+
11
{
d+13|0〉φ(7)µ,ν + d+12d+23|0〉φ(8)µ,ν
}
+ a+ν3 b
+
11d
+
12|0〉φ(9)µ,ν + a+ν2 b+12d+23|0〉φ(10)µ,ν
+a+ν2 b
+
13|0〉φ(11)µ,ν + a+ν3 b+12|0〉φ(12)µ,ν
)
+ b+11a
+µ
2
(
a+ν2 d
+
23|0〉φ(13)µν + a+ν3 |0〉φ(14)µ,ν
)
+b+11
(
b+11d
+
12
{
d+13|0〉φ + d+12d+23|0〉φ′
}
+ b+12
{
d+13|0〉φ′′ + d+12d+23|0〉φ′′′
}
+ b+13d
+
12|0〉φ(iv)
+b+22d
+
23|0〉φ(v) + b+23|0〉φ(vi)
)
+ b+12
(
b+12d
+
23|0〉φ(7) + b+13|0〉φ(8)
)
|φm〉(3,−1,1) = a+µ1 d+23
(
a+ν1 a
+ρ
1 |0〉φm|µνρ + b+11|0〉φ1m|µ
)
, (D.33)
|φp〉(4,−1,1) = a+µ1 a+ν1 d+23
(
a+ρ1 a
+σ
1 |0〉φp|µνρσ + b+11|0〉φp|µν
)
+ (b+11)
2d+23|0〉φp, (D.34)
for m = 163, p = 168, and with initial tensor field Φµν,ρ,σ describing massless particle with spin
(2, 1, 1).
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